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We investigate the close connection between metastability of the 
reversible diffusion process X defined by the stochastic differential 
equation 

dXt = -XF{Xt)dt + -TTdWt, e>0, 

and the spectrum near zero of its generator —Le = eA — VU- V, where 
—> R and W denotes Brownian motion on R'*. For generic F to 
each local minimum of F there corresponds a metastable state. We 
prove that the distribution of its rescaled relaxation time converges to 
the exponential distribution as e | 0 with optimal and uniform error 
estimates. Each metastable state can be viewed as an eigenstate of 
Le with eigenvalue which converges to zero exponentially fast in 1/e. 
Modulo errors of exponentially small order in 1/e this eigenvalue is 
given as the inverse of the expected metastable relaxation time. The 
eigenstate is highly concentrated in the basin of attraction of the 
corresponding trap. 
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References 

1. Introduction. We address in this work the problem of characterizing— 
in terms of potential theoretic quantities—the low-lying spectrum of the 
following second-order, elliptic differential operator: 

(1.1) L, = -ee^/^V-e-^/^V = -eA + VF-V, e > 0, 

on dx), where the precise conditions on F: —> M are given in 

Assumption 1.2. Our main motivation is to derive precise uniform control 
in the limit e | 0 of the distribution of metastable transition times t{x) of 
the diffusion process (Xf) on generated by — Ae, that is, the solution to 
the stochastic differential equation 

(1.2) dXf = -VF{Xf)dt + V^dWt, X^ = x. 

Here {Wt) denotes Brownian motion on starting in zero. By definition 
t{x) is the first time of a transition from the basin of attraction correspond¬ 
ing to a given local attractor x of VF, that is, a local minimum of F, to 
small vicinities of the more stable local attractors. The precise definition of 
t{x) is given in (1.16). 

We continue the work started in [4] and generalize the analysis of [3] from 
the discrete to the continuous state space setting. To each local attractor x 
there corresponds a simple eigenvalue of which is exponentially small 
in 1/e. Modulo this type of error this eigenvalue equals the inverse of the 
expectation of t{x). With the same precision an eigenfunction corresponding 
to \x is constant in the basin of attraction of x and exponentially small in 
“deeper” basins which correspond to attractors y satisfying Xy < Xx- The 
results obtained in [4] then yield in terms of F the leading-order asymptotic 
behavior of these eigenvalues. Moreover, below some threshold of order 
no other eigenvalues occur. The control of the low-lying part of the spectrum 
implies that the rescaled (by its expectation) distribution of a metastable 
transition time converges—again modulo in 1 je exponentially small errors— 
to the exponential distribution with parameter 1. 

Metastability in random dynamical systems is an intensively studied phe¬ 
nomenon. A Markov process in the metastable regime, roughly speaking, 
exhibits quasi-invariant sets of the state space, which may be viewed as 
metastable states, in which the process is captured for long time periods. 
For systems with discrete state space in this regime in [22] and [23] as well 
as [30] and [7] the authors study different aspects in this area. Concerning 
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systems with continuous state space in this regime, we refer the reader to 
[20, 33, 40, 41], where the authors develop a large deviation technique for dif¬ 
fusion processes to study spectral and dynamical properties. From the point 
of view of asymptotic expansions in the small parameter e > 0 we mention 
[5, 6, 13, 14, 15, 19, 21, 30, 31, 32], In most of these papers the authors con¬ 
sider the process up to the time of exit from a single domain of attraction 
associated to the unperturbed dynamical system. For the investigation of the 
spectrum and its connection to metastability it is necessary to consider the 
process as it continues from one domain to another. In [9, 10, 11, 15, 21, 23] 
and in [5, 6, 32, 34], where in the latter two articles the full description of 
the low-lying spectrum is accomplished, the authors investigate properties of 
the spectrum of the generator of the dynamical system that are connected 
to metastability. Unfortunately, these approaches encounter the following 
shortcomings. Generally speaking, rigorous asymptotic expansions, though 
giving sharp error estimates, suffer from strong regularity assumptions. On 
the other hand, L^-methods as applied in [34] and [9, 10, 11] as well as 
large deviation theory lead to rough error estimates. In [3] and in [18] we 
establish the characterization of the low-lying spectrum in the context of 
Markov chains in the metastable regime. A key idea of [3, 4] and [17, 18] for 
irreversible chains is to analyze metastability from the dynamical or from 
the spectral point of view by potential theoretic methods, which particularly 
leads to a clear description of the spectrum in terms of the geometry of F. 
In addition to the work in [5, 6] and in [32] we are able to establish the same 
precise relation of the small eigenvalues to the geometric properties of F. 
Our approach also considerably improves the range of applicability as well 
as the quality of the error estimates. In [17, 18] this aspect is particularly 
emphasized. Here we concentrate on the main new technical complications 
which do not exist in systems with finite, discrete state space. 

The technical tool to connect spectral to potential theory already appears 
in [40] or in [35], relying on work of [44], and was rediscovered in [3]. Refer¬ 
ence [40] contains a description of the spectrum in terms of the underlying 
Markovian process while in [44] and [35] the analytical counterpart is used to 
investigate criticality of elliptic operators. This characterization is far more 
transparent for processes with discrete state space as is demonstrated in [3] 
and in [17, 18]. The fact that a point in discrete space can be visited by 
the process with strictly positive probability, that is, has strictly positive 
capacity, might be seen as a main reason for this difference. In continuous 
state spaces small balls are the equivalent of points in discrete spaces. This 
choice entails the disadvantage that a function a priori may change its sign 
on a small ball. Using level sets of functions instead of balls, one quickly 
runs into technical complications whose solutions go beyond the questions 
we are addressing. The approach presented in the previously mentioned ref¬ 
erences naturally requires to work in the L°°-context. We hence shall follow 
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the strategy to first establish rather strong pointwise -estimates. Com¬ 
pared to [3] and [34] a second complication arises from the fact that the 
state space is noncompact. A treatment of the analogous problem concern¬ 
ing irreversible, infinite-state Markov chains can be found in [18]. There is 
a well-established L^-theory of weighted estimates of solutions of second- 
order elliptic differential equations as developed in [1] or in [26, 27] involv¬ 
ing a small parameter from which pointwise bounds on solutions can be 
obtained. The development of weighted estimates will serve to gain control 
of the growth of eigenfunctions at infinity. We would like to mention that 
the methods introduced in [4] and in [18] suffice to prove the same kind 
of estimates for which L^-weighted estimates are not available, even if the 
process is irreversible though technically simpler. 

The a priori input enables us to relate small eigenvalues of to the 
capacity matrix introduced in [28] . For generic F the analysis of this matrix 
then is a straightforward generalization of that in [3] and [18] for Markov 
chains. Let us mention that this matrix representation also can be used 
to treat the degenerate situation, where there exist attractors of VF of 
equal strength with respect to each other. It turns out that to each small 
eigenvalue there corresponds a quasi-invariant set and a time scale, which 
roughly speaking equals the expected time the process generated by is 
captured this set. These time scales are dehned in terms of capacities and the 
invariant measure of the process. As is shown in [2] and [18] in the discrete 
state space setting they determine the long-time behavior of the process in 
a precise manner. These kind of results were extended in [4] to the diffusion 
process generated by . They will serve as a crucial tool to investigate small 
eigenvalues of L^. 

We now recall the main potential theoretic background. A set T with 
locally boundary for some a > 0 henceforth will be referred to as a 
regular set. Fix disjoint, nonempty closed regular sets such that 

F = W^\A\B is connected (usually in the sequel A and B are balls). The 
A-capacity of the capacitor (A, B) is given by 

(1.3) ca.\i\{B) = e [ dnh\ ^ da — X [ dy, 

JdA ’ Ja 

where locally there is a > 0 such that F —> M is for some a > 0, o" 

always denotes the Euclidean surface measure on the set the integration is 
taken over, n is the unit normal at this surface pointing towards Au B and 
the normal derivative is taken from outside A and B. Here h\ ^ denotes 
the electrostatic equilibrium potential of the capacitor, that is, the weak 
solution h G dx) of the Dirichlet problem 

(1.4) {Le-X)h{x)=g{x), x G F, h - / G Wo’^(F, dx). 
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where F = W^\A\B, 5 = 0, / = 1a and where dx) denotes the 

closure of CQ(r) in hF^’^(r, dx), the space of weakly differentiable func¬ 
tions with first partial derivatives in L^(r,dx). Under Assumption 1.2 
standard regularity theory will show that (1.4) is uniquely solvable and that 
the solution is up to the boundary. Functions h satisfying (1.4) for some 
/ and 5 = 0 we sometimes refer to as (weakly) {L^ — X)-harmonic functions 
(with respect to the measure dx). In the commonly used terminology of 
partial differential equations they are called weakly (A^ — e“'^/^A)-harmonic 
(with respect to Lebesgue measure), where we introduce the formally sym¬ 
metric, locally elliptic, second-order differential operator in divergence form 

(1.5) Ag =-eV • 


In particular, the well-developed regularity theory for divergence-type oper¬ 
ators is available. The communication height between sets A and B is defined 
by 

(1.6) F{A,B)= inf maxF(c([0,1])), 

c: [0,1] 

c(o)eA,c(i)eB 

where the infimum is taken over all continuous curves. If A = {x} is a sin¬ 
gleton, for convenience we write F{x,B) = F{{x},B) instead. Furthermore, 
for a finite set of points / U x such that i?/ux is a disjoint union of open 
balls, where 

(1.7) Bj=[jB{y,e/A), JcM'', 

yeJ 


we introduce 


(1.8) A^g = {yG R‘^\F{y,x) < F{y, /\x)}. 

In analogy to [18] we define the time scales 


(1.9) 


TxJ — 


Ia 


dy 


cap^^ {Bi\^ 


We recall from Theorem 3.1 in [4] the classical Eyring formula for the ca¬ 
pacity. 


Theorem 1.1. Fix regular, disjoint, nonempty sets A and B. Assume 
that there is only one solution of F{z*) = F{A, B) > maxF(Aui?) -|-d?elog(l/e) 
such that z* is a critical point of F. If in addition to the condition F G 
for some a> 0 the Hessian at z* of F exists and is nondegenerate, then for 
some R, 

(1.10) cVAB) = (1 + 
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where X* is the unique, negative eigenvalue of the Hessian at z*. The modulus 
of the Landau symbol is dominated by a constant C = C{d, F). 


Let M denote the set of local minima of F. For x € M and I cM\x 
nonempty with nondegenerate Hessian at x and z* as in Theorem 1.1, we 
obtain from (1.10) that the time scale introduced above satisfies 


(1.11) T,,/ 


(l + C>(l)elog(l/e))27r 


|detHessF(z*)| ^(F(xj)-F(x))/e 
I A* I det HessF(x) 


Let us now describe the main results of this paper. We have to introduce 
some more notation. For a regular domain S let denote the self-adjoint 
operator with Dirichlet boundary conditions corresponding to the quadratic 
form 

(1.12) qf{h)=£j e~^^^\Vh\‘^ dx 

of the operator on L‘^{T,,e~^^^ dx) with domain 1 Fq^’^(S, dx). De¬ 
note the principal eigenvalue of the Dirichlet operator by 

(1.13) A(S) = infu(Lf), 

where o'{L^) is the spectrum of L^. In the sequel we impose the following 
conditions on F. 


Assumption 1.2. F £ {R‘^) n {R'^) and VF is locally Holder 

continuous. There are constants c> 0 and Ci satisfying infjj^x^^j |VF| > c. 
Moreover, = X{{F > Ci}) > 6 for some 5 > 0 independent of small e > 0. 


Let us remark that the conditions under which (1.11) holds are not at all 
borderline to our approach. In fact, the only condition we need is that either 
> Ty,i\y or < STyj\y, where x,y £ M, x y, IC M, for some 

(5 > 0. In particular, as long as this condition is valid we can deal with all 
kinds of degenerate situations of F in the relevant regions. This just leads 
to different asymptotic behaviors of Txj. We refer the reader to [17, 18] 
where in the context of Markov chains precise, minimal conditions on the 
time scales are given. We would also like to mention that Assumption 1.2 
can be weakened in several directions. The condition inf|p’>(; 7 j| jVTj > c can 
be relaxed to the existence of a subset A1 of the set of local minima M oi F 
with the property that 5min^g^ T^m\M > some 6>0. 

In particular, F may have infinitely many local minima where the minima 
in M\A4 are not as “deep” as those in Ai. Moreover, the analysis works for 
a large class of functions F = F^ depending on e also [for further comment 
concerning this point see the remark after (4.47)]. One could further con¬ 
siderably relax the regularity assumptions on F. It is also possible to study 
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the irreversible situation where V-F is replaced by a general vector field b. 
Finally, a generalization to Riemannian manifolds is straightforward. 

The condition on the principal eigenvalue is quite natural and flexible. If, 
for example, F is in addition and limsup| 3 ,|_>oo |AF(x)|/|VF( 3 :)p < oo, 
it is easy to see that > 6/e for some d > 0. For F = depending on 
e the bound on can be replaced by, for example, e^ for some con¬ 
stant M or (even exponentially small in 1/e with small rate depending on 
the geometry of F in {T < Ci}). If T is uniformly strictly convex outside 
some convex set, one could use Brascamp-Lieb’s inequality to show that 
/ie > infi^x^^i min((T(VV*F)). As we only focus on the new technical com¬ 
plications in the continuous state space setting we do not aim at the most 
general conditions under which the analysis works. 

Assumption 1.2 implies that F has local uniform, exponentially tight level 
sets, that is, dx < for some constant C = C{d,\{F < 

a}|). Indeed, for a point x G {F > a} the solution 7 to 7 (t) = VF{'y{t)) with 
F( 7 ( 0 )) = a and 7 (T) = x we may estimate F{x) — a = |VF( 7 (t))| | 7 (t)| dt 

cdist(x, {F > a}) for a > Ci. Therefore, in this work we may use in compact 
(e-independent) sets (obvious generalization from F being to F being 
the results given in [4]. 

The hrst result, stated in Theorem 4.2 and referred to as the sharp un¬ 
certainty principle, is strikingly reminiscent of the uncertainty principle 
in quantum mechanics. We recall that the tunneling time of a quantum- 
mechanical particle moving in a double-well potential approximately is given 
by the inverse of the spectral gap. Let A(n) be the principal eigenvalue of 
the Dirichlet operator with zero boundary conditions on where 12 

is an open, regular set. Furthermore, introduce for a Borel set the 

transition time 

(1.14) rf = inf{t > OjAf G B} and write shorthand rf = 

of the diffusion given by (1.2) from x to the union Bj of small balls, defined 
in (1.7), which are centered at the points in /. 

Theorem 1.3. Assume that F satisfies Assumption 1.2. Then there 
exists N = N{d) > 0 such that for all p > Aelog(l/e), x G Ad, I cA4\x 
satisfying = Ti = maXyg_A4\/ Tyj > 

(1.15) E[Tf| = {1 + = {1 + 

Here the modulus of the Landau symbol is dominated by a constant C = 
C{d,N,F). 
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We also are able to compute the limit law of the distribution of the rescal¬ 
ing r(a:)/]E[r(x)] of a metastable transition time t{x), x € Ai, defined by 

(1.16) = M{x) = {y e M\F{y) < F{x)}, 

where hi C is a regular domain containing the set {F < Ci}. Let us define 
P = P{F^ e) by 


(1.17) e^/^ = min|-^^ x,y ^ M,x yj C . 


Then we have: 


Theorem 1.4. Suppose that F satisfies Assumption 1.2 with pL^ > 5e for 
some (5 > 0 . Assume furthermore that either Vl is hounded or J^pyCi} ^ 

g-F-CA/'y dy < oo for some 7 > 0. There exist N = N{d) >0 and C = 
C{d,F) such that for all p > A^elog(l/e) 

P[T(x)>TE[r(x)]] 

^ ^ ^ = (1 + 0(l)e-^e-^/")exp(-(l + 0(l)e-^e-^/")r), 

where the modulus of the Landau symbol is bounded by C uniformly in e and 

T. 


A more detailed version of this theorem is Theorem 5.2 [see also the 
remark following (5.2)]. 

The main ingredient to prove (1.18) is that besides principal eigenvalues 
we are able to analyze all other exponentially small eigenvalues and relate 
them to the metastable structure given by F. We then have [see (4.6) for a 
more detailed version] 

Theorem 1.5. Assume that F satisfies Assumption 1.2. There exist 
N = N{d)>0 and a constant C = C{d, F) such that for all p > N£\og{l/e) 
the following holds: 

(i) For every x ^ M. there exists a simple eigenvalue Xx of such that 

(1.19) A, = (1 + 0{l)£-^e-pF)X(R'^\BMix)), 

where Ai{x) is defined in (1.16). 

(ii) Let AAx = {y £ AA\Xy < Ax}. There is an eigenfunction fix corre¬ 
sponding to Ax, normalized by fix{x) = 1 and a set Aix of cardinality \Aix\ 
such that B{y,^) n A4x is a singleton for all y £ A4x and for all z £ {F < 

Cl} 

,, = (1 + 0{l)e-''e-'/')PK < rpj 

' ■ + 0{l)e -«< t‘]. 

Here the Landau symbols are bounded by C in absolute value. 




(iii) 

( 1 . 21 ) 
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a{Le) n [0,e^) = {\x\x e M}. 

Equation (1.19) in combination with (1.15) and (1-18) relates exponen¬ 
tially small eigenvalues of to the metastable structure of the diffusion X. 
Furthermore, under the conditions required for (1.11) we have determined 
the leading asymptotic in (1.15). 

Let us finally describe the organization of the paper. Using sharp Harnack- 
and Holder-type estimates, in Section 2 we derive analogous estimates for 
a priori nonpositive harmonic functions. As a result we gain in Lemma 2.3 
pointwise control on the oscillation of eigenfunctions corresponding to small 
eigenvalues in terms of suprema over suitable small balls close to the local 
minima of F. In Section 3 we prove bounds of those suprema by exploiting 
the strong drift of the diffusion toward local minima of F. The a priori input 
then gives precise control of eigenfunctions in compact sets. As soon as we 
have established this structural information we are in a position to generalize 
the analysis developed in the discrete state space setting to the diffusion 
setting. In particular, in Section 4 we relate the low-lying spectrum to the 
capacity matrix introduced in [28] and derive the asymptotic information in 
terms of the time scales introduced in (1.9). As a consequence we obtain the 
limit law of metastable transition times defined in (1.16). 

2. Pointwise asymptotics in bounded sets. Fix an open, connected, reg¬ 
ular set U and recall the definition IUq’^(U, dx). This section is devoted 
to the following simple idea. A weak solution cj) G dx) of the 

eigenvalue problem 

(2.1) {Ls — X)(p{x) = 0, X G U, 

with small energy A cannot create large oscillations everywhere in a region 
where F is small. We start with the following. 

2.1. A priori bounds on principal eigenvalues. Recall the definition of the 
(Lg — A)-equilibrium potential h\ A, B closed and regular with connected 
complement M.'^\A\B, A > 0, introduced in (1.4). Furthermore, let w\ ^ be 
the solution of the Poisson problem (1.4) with / = 0 and g = h\^. We also 
shall use the convention h\ = h\ j^ and w\ = Since and are 

weak solutions of the corresponding problem for the operator A^ — e“^/^A 
defined in (1.5), Theorem 8.8 in [24] in combination with Theorem 9.19 in 
[24] show that the unique solutions if they exist are locally up to the 
boundary. Define for K C {AU B)‘^ 

s^{A, B) = sup 


(2.2) 
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We abbreviate 

B) = 

(2.3) sx{A) = sx{A,B = A), 

'5^'= = ^a<^{A, B = A). 

Recall the definition of the self-adjoint operator Lf with Dirichlet boundary 
conditions at dT, corresponding to the quadratic form defined in (1.12) and 
its principal eigenvalue A(S) =infcj(L^). For A ^ ct{L^) we denote by 

(2.4) G^ = (Lf-A)-i 

the resolvent operator. A priori we have that positive kernel of the resol¬ 
vent defined by the semigroup of the solution of (1.2) for A < A(S), 
is in dxdy). 

We refer to the lower bound in (2.5) on the principal eigenvalue as the 
uncertainty principle. 


Lemma 2.1. Let Ti be a bounded, regular, open, connected set. Then for 
all regular, closed sets A, B, such that AD B = T,^ it follows that 


(2.5) 


A(S)> 


1 

s^{A,B)' 


Proof. We claim that the following variational formula of Donsker and 
Varadhan (see [15] or [36]) for the principal eigenvalue holds: 

(2.6) A(S) = inf_ sup [ /(^)^ dx. 

/ecRs) tieC 2 (s),M|as= 0 “'^ 

/|as=0,/j,/2=l u(x)>0,x(^T. 

Since Ag satisfies the conditions of Theorem 8.6 in [24], we have A(S) > 0. 
By the weak maximum principle Theorem 8.1 in [24] it follows that 
is a positive operator, that is, the kernel is nonnegative and thus strictly 
positive since G^ is injective. Theorem XIII.44 in [37] tells us that A(S) is 
a simple eigenvalue and that an eigenfunction cf G Wq’^(S, dx) almost 
surely does not change sign. By the same arguments given before (2.2) this 
function is in C^’"(S). Inserting u = 4> on the right-hand side of (2.6) yields 
one inequality. On the other hand, for every u in the class of functions the 
supremum is taken over, we may choose / = with normalizing 

G such that is a density. We obtain the remaining assertion by inserting / 
on the right-hand side of (2.6) since the integral equals G^ L^u4>e~^^^ dx = 
G^A(S) J^u(l)e~^^‘^ dx = A(S). Here we have used that is symmetric on 
C^’"(S) and that L^4>{x) = Lf(j)(x). 

To obtain (2.5), we simply insert u = w\ ^ G C^’“(S) and use L^u = ^ € 

C^’"(S) on S, using that both functions exist by Theorem 8.3 in [24]. □ 
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From the variational principle, Theorems 4.5.2 and 4.5.1 in [12], we also 
obtain the following sharp upper bound as we shall see in Theorem 4.2. 


Lemma 2.2. Let Ti be a regular, open set such that dist(Al H S, 9S) > p 
for some p>Q. Then for some C = C{d,F\T,,p) and all x G M. Cl Ti, 

(2.7) A(S) < (1 + Ce-^lye) ' 

where we have defined = {y G Y,\F{y, x) < F{y, — /3} for all P > 0 

such that B{x, p/2) C A. Here F denotes the communication height intro¬ 
duced in ( 1 . 6 ). 


Proof. Insert u = ^^( 3 , with x G M.r\'E and by convention h^^^ 
on B{x,e) into the variational principle Theorems 4.5.2 and 4.5.1 in [12]: 

J^e-^/pVupdx 


( 2 . 8 ) 


A(S) = 


inf 


dx)\o /se ^/pupdx 


to obtain by Green’s first formula 


(2.9) 


A(S)< 


caPs(a;,£)(^' 




' dx 


Invoking Corollary 4.8 in [4], we derive b(x £)^y) — for some 

C = C{d,F\A^^-^<^) and aW y G A^^-^<\B{x,2£). This estimate in combination 
with the maximum principle shows Y.c{y) > 1 — Ce~^l'^/e for all y G 

A^j^c- This establishes (2.7). □ 


2.2. Uniform regularity estimates for (Lg — X)-harmonic functions chang¬ 
ing sign. For a regular domain S C and a function / : —> M we define 
the oscillation of / in S as 

(2.10) OSCE/ = sup/-inf/. 

s s 

We are now in a position to turn the idea mentioned in the beginning of this 
section into 


Lemma 2.3. Let P{F) > 0 6e the Holder exponent of F locally around M. 
There exists a constant C = C{d,F) with the following property. Let h G 
^ 2 ,d(]^(i) ^ strong solution of the equation {L^ — X)h = 0 m , 

P G {P{F)/2,P{F)), where x G M. and 0 < A < e. Then there exists x G 
such that h does not change sign in B{x,e). 
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Let r, Scr, he regular domains. Let g G and let h be a non¬ 

negative, strong {i.e., twice weakly differentiable) solution of the equation 
(Lg — \) xh = g inT. Assume that there are 0 < r < 1/2 and B{x, 2^/e) C S 
SMc/i i/iai (1 — r) supj]/i < /i. Then for allO < X < X{T\B{x,e)) there 

is C = C{d, F\B{x,2^/£)) such that 


( 2 . 11 ) 


oscs/i< ( 4r + C'e'^/^A + 4 sup sfx e)) sup /i 

V ^\B{x,s) ' ’ ^ ’ V B{x,e) 

+ sup \g\. 

B[x,2Fe) 


Having established positivity of eigenfunctions in vicinities of the local 
minima of F, we may use strong pointwise regularity such as the local 
(boundary) maximum principle Theorem 9.20 in [24] (Theorem 9.26 in [24]), 
the Harnack inequality Theorem 8.20 or 9.22 in [24] and the (boundary) 
Holder estimates Corollary 9.24 in [24] (Corollary 9.28 in [24]). 

For later purpose also let us dehne for x G 

(2.12) (5(x) = 5i?^e(x) = supi 5 > 0|8(5 sup |VF|<ll. 

I B(x,8eS) J 

Clearly, eS only depends on |VF|/e and 8e(5(x) supg( 3 , 4 ^ 5 ( 3 ,)) |VF|/e = 1. 
Combination of Harnack’s and Holder’s principles gives: 


Theorem 2.4. Assume that VT is locally Holder continuous. Fix 0 < 
p <e. Let 0 < h G 1T^’'’*(M‘’*) be a strong, nonnegative solution of the equation 
{L^ — X)h = 0 in B{x, 2y^), where x G M. and 0 < A < 1. Then there exists 
C = C{F\B{x, 2y^)) and a = a{F\B{x, 2y^)) > 0 such that for all 0 <r < 


(2.13) 


0 SCB{x,r)h<C{r/^)°' inf /i. 

i:>[x,r) 


Assume that 0 <hG 1T^’'^(M'^) is a strong, nonnegative solution of the equa¬ 
tion (Lg — X)h = f in T,, where S is an open, regular set, 0 < A < 1 and f 
is in L'^{YX). There are constants C = C{d) and a = a(d) > 0 such that for 
all x gT, and all 0 < p < e6{x) satisfying B{x,4:p) C S and all 0 < r < p. 


(2.14) 


0SCB{x,r) h < cfrjp)'^ ^nf^^ h + ||/||L<i(ij(,,,,.)ns) 


For X G dT, let V/ be the exterior cone at x. We still have for some constant 
C = C{d, Vx) and a = a{d, I 4 ) > 0 and all 0 < r < p < ed{x) 

(2 15) ^ < C(r/p)^(oscB(x,p)ns ^ + 11/ - ^^lli,rf(B(x,r)ns)) 

+ C OSCB(x,^)ndE h, 

where osc^j^^. h — hmsupj^_>^^ 3 , h hminfy_,g^ 3 . h. 
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We also need the boundary Harnack inequality, which is a consequence of 
Theorem 8.0.1 in [36]. 

Theorem 2.5. Assume that VF is locally Holder continuous. Let S 
be an open set with uniformly Lipschitz continuous boundary. There exist 
C = C(d), p = p{d) > 0 and a function R:dT, (0,oo), R < 6, with the 
following properties. Fix z £ and write (13^ = graph y for some ball 
Bz around z and some function y. Fix 0 <r < p and let 0 < u,v ^ 
be positive solutions of L^h = 0 in T, Ci Cl B{z,8rsR{z)) and h = 0 on 
dFif] BzCi B{z,8reR{z)). Then 

(2.16) ^<C^, x,yeJ:nBznB{z,reR{z)). 
v{x) v{y) 

Proof. Denote by 1 / 7 ( 2 ) the best Lipschitz constant of y at 2 in 
B{z,8e) and let l/f5{z) be the best Holder constant of VF in B{z,8£). 
Define ^ 2 ( 2 ) = min(/3(2), 7 ( 2 ),< 5 ( 2 )), where < 5 ( 2 ) is given in (2.12). Let us 
introduce the function u{x) = u(x), x = (x — z)/(£R(z)), and likewise v. 
Furthermore, let L = — A + 6 • V, where b(x) = b^j^(z)(^) = R(z)VF(x). Fix 
r > 0 and let u and v be Le-harmonic in B(z,8r£R(z)) D BzCiS, vanishing 
identically on B(z,8r£R(z)) (1 B^ 11 dT,. We then compute Lu = Lv = 0 in 
B{0,8r)r\Bz n S, where S = ^eR{z) ^{x\x ^ S} and likewise Bz, and clearly 
u = V = 0 on B{0,8r) Cl Bzd dT,. Note that by definition of R{z) under this 
transformation, the best Lipschitz constant of y(x) = y(x) at 2 and the best 
Holder constant of b in i?(0,8) are bounded by 1. Moreover, the supremum 
norm of b in B{0,8) is that of VF in B{z,8£R{z)) and hence is bounded 
by 1 by definition of S{z). The boundary Harnack principle Theorem 8.0.1 
in [36] applied to D = B{0,8) (1 Bz Ci gives the existence of C = C{d) 
and p = p{d) > 0 such that u{x)/v{x) < Cu{y)/v{y) for all 0 < r < p and 
x,y € B{0,r) (1 Bz CiTi. □ 

On several occasions we shall meet the following obvious representation 
formula. The solution h of the Poisson-Dirichlet problem (1.4) for an open, 
connected, regular set F in a relatively compact, open, connected, regular 
set S C C F is given by 

(2.17) h{x) = G^g{x) + H^h{x), x £ S, 

where H^f is the (Lg — A)-harmonic extension of / to S and where the 
resolvent is defined in (2.4). Several times in the sequel we shall use the 
following obvious consequence of (2.17) and the weak maximum principle: 

(2.18) sup j/ij < s5c(5^) sup(Aj/ij + jgj) + supLf^j/ij, iFcScF. 

K T. K 
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Let be the (symmetric) kernel of in dxdy). 

It is easy to see that (Ag — f = / weakly for all / G L^(S)- 

Since G^e^^^ f{x) = Jy; G^{x, y) f (y) dy by definition, and since L‘^{B{y,r)), 
y G S, r > 0, is separable, G^(-,y) is (A^ — e“^/'^A)-harmonic in Y,\B{y,r) 
and almost all z G B{y,r) H S. Theorem 8.8 in [24] and Theorem 9.19 
in [24] imply that Gy{-,z) is C‘^’°^{T\B{y,r)) for those z. Symmetry of 
Gy{x, implies the same assertion for all z € B{y,r). Therefore, 

G^lx,y)e^G)/^ is in C^’“(S^\Z)), where D = {(x, x)|x G ]R“*}. We recall from, 
for example, [4] that the {L^ — A)-harmonic extension H^f, S regular, open 
and connected, of a function / G L°°(5S) is given by 

h{x)=Hyix) = -E [ /(y)a^,)G^(y,x)e™-^(^))/^da(y) 

(2.19) r '’9^ 

= -£/ f{y)dn{y)GY{x,y)da{y), 

JdT, 

where n{y) denotes the outer unit normal at y G and the normal deriva¬ 
tive is taken from the inside of S. Here we have used that y) 

is symmetric in x and y, that the normal derivative at exists and that 
G^ix^y) vanishes on the boundary. 

As already pointed out, the problem is that a priori we cannot apply 
Theorem 2.4 to an eigenfunction 4>- However, by combination of Theorem 
2.4 with the Poisson representation formula (2.19) we still can control the 
regularity of (f). 

Proof of Lemma 2.3. By standard comparison arguments with the 
ordinary Laplace operator in H = B(x,R) as can be found, for example, in 
the proof of Theorem 2.1(i) in [36] one finds 6 = S{F\B) > 0 and G(F|H) 
such that 

(2.20) 4 < for R = ^ 

where is defined in (2.3) and where (5 = P{F) > 0 is smaller than or 
equal to the optimal Holder exponent of F locally around x. For the con¬ 
venience of the reader we shall formulate the details of the proof in our 
situation. Define VR{y) = {R^ — |y — x|^)/(2de) for |y — x| < R. We compute 
—sAvr = 1 for |y —x| < R. Since |VF(y) • Vuij(y)| < sup^ |VF||y — x|/((ie) < 

Jsupg and since x G M., it follows that LsVr > 1/2 for 

d = sup{r G (0,1) I J’sup^^^j, ,,gi/(i+/3)) |VF| < /2} > 0 and |y - x| < 

R so that VR(y) > (l/2)wB(y) in B. Recall the notion of the principal eigen¬ 
value A(S) of the Dirichlet operator introduced in (1.13). For the pur¬ 
pose of (5.24) and (5.32) we note that on the other hand the same arguments 
show VR{y) < {2>/2)wB{y) in B and therefore for some G = G{d,F) and all 
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5 G (1/8,1) 

WB{y) = 

( 2 . 21 ) 

for R = 6e and y ^ B{x, R{1 — 1/100)) and X{B) > l/{Ce), 


where the last inequality is a consequence of (2.20) and (2.5). 

Since the uncertainty principle (2.5) tells us X{B) > 1/s^, the condition 
on A ensures that exists and that h satisfies (2.19). Choose a ball B C B 
of radius 0 < p < e such that sup^ \ h\ = sup^ \ h\. Since —dn[y)G^{x,y) is a 
positive strong solution for every y G dB, we may apply (2.15) and obtain 
for some C = C{d, F\B), (5 = f5{F\B) and all y^, pi, y 2 G B, 

\h{yi)-Ky2)\ <£ jaB\Kz)\\dn{z)GB{yi,z) - dn{z)GB{y2,z)\da{z) 

(2.22) - suj) -'9„(^)G^(yo, z) da{z) 

sup |/i| sup /i^, 

B B 

where = H^'^qb- Applying (2.17) to hj^ and Ti = B, we obtain 

(2.23) sup/ig < As^ sup/ig + 1. 

B B 


Combination of (2.23) with (2.22) implies 

(2.24) \h{yi)-h{y 2 )\< -l^^As^- —' 

The bounds on A and show that the denominator can be absorbed in 
the constant. We thus have proven for some C and a > 0 only depending on 
F\B that for all yi,y 2 G B, 


(2.25) 


sup _ \h{yi) - h{y 2 )\ < C(p/£V('+^))“sup|h|. 
yi,y2&B B 


Now let us assume that there is y G B such that h{y) = 0. We apply (2.18) 
for T, = B and deduce from (2.25), using the condition on B and choosing 

p = £, 

(2.26) sup|/i| < A4 sup|/i| +Ce“^Ai+«) sup |/l|. 

B B B 


It follows that h vanishes identically in B for small e > 0 and hence by 
analytic continuation everywhere in 

For the proof of (2.11) let Cn = (7Ce")”'(C'e“ + C|i?|(2A + sup^ \g\/ sup^ h)), 
where B = i?(x, 2e^Ai+/3)^. yyg daim the existence oi C = C{d,F\B), a = 
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a{d, F\B) > 0, such that for all n the inequality c^-i > M = max(r, C\B\{2X + 
supB|£/|/supg/i),sup 5 .^^^/i^^^j,^^), B = B{x,e), implies 

(2.27) OSC^/i < Cn sup/i. 

B 

For n = 1 this is nothing more than (2.13). Assume (2.27) for some n > 1. 
It follows from h>0 and (2.17) applied to h fov K = T,\B in S = r\.B—in 
slight abuse of notation—that 


(2.28) 


inf /i > 0 + (1 — Cn) 
s 


supsup/i 


> (1 - Cn)(l -r)( 1 - sup/lg^.pg I sup/i, 
\ S\B ' ’ / S 


where we use the convention that 



5 = 0 in .B. Thus 

JD 


(2.29) 


OSCE h< [cn + r + sup p ^ ) sup h 
\ s\B ' ’ / s 

< (^ (^Cn + r + sup ^ 

< 2 ( Cn + r + sup p ^ ) sup h. 

^ S\B ' ’ ^ B 


From (2.13) again we hence obtain 


(2.30) 


oscp h < C'e"2( Cn + r + sup h 

E\B 


V\r,B 


+ (71711 A/(1 - r) + sup \g\/ sup h 
V B B 

< Cn+1 suph 
B 


sup/i 

B 


since Cn > M. Choosing n maximal in (2.27), from (2.29) we obtain the 
estima- te since Cn< M. □ 


2.3. A priori bounds on conditioned^ expected exit times from bounded 
sets. In this section we prove an estimate on the suprema s^j^{A,B) for 
regular, closed sets A and B with bounded complement of their union. 

For the sake of convenience we set 

(2.31) Tj= max T^^j, JcM,J^M, 

yeM\J 

where the time scale Tx^j is defined in (1.9). In the case J = M we use the 
convention that T;k = l/e'^“^. For every finite set of points I such that 
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min^^yg/^ 3 ;^j^dist(x,y) > 26 we set Bf = Bi{e/4:), where 
(2.32) Bi{d)=\jB{x,6). 

x£l 


We then have: 


Lemma 2.6. Fix disjoint, regular, nonempty, elosed sets A,BcM.'^ such 
that Bj<zA and Bj<zB, where I = M. r\ A and J = Ai Ci B. There are 
N = N{d) and C = C{d) such that 

(2.33) s%{A,B) < Ce-^{Tjyjj + |M''\A\5|). 

We start with the following bound on the Green function G^(x, y) defined 
in (2.4). 


Lemma 2.7. For all regular, open, bounded sets L there exists C = C{d) 
sueh that for all x,y gT and all 0 < p < 6{y) satisfying |x — y| > pe and 
dist(a: U y,dT) > Ape, 


(2.34) 


Gvix.y) < 


ChB^y,pe)Mx)e-^^y)l^ 

caps(y,pe)(r^) 


For \x — y\< pe, 0 < p < 6{x)e and dist(x, SL) > Ape we have 
(2.35) 


Gl{x,y) < -G^(|x - y\) +-—, 

e cape(2, p(,)(r ) 


where is the Green function of the Laplaee operator in 


Proof. Let hy _ h^B{y,p£),r<=- The second Green formula as, for example, 
in (2.8) in [4] for L = T\B{y, pe)\B{x,r) and for L = B{y,pe) shows for all 
0 < r < |x — y| — pe, 




(2.36) 


dB{y,p£) 

= —e 


e ^ '~Gr{-,x)dnhyda 


ldB{x,r) 


hy dnGr{-,x) + e 


ldB{y,p£) 


e dnGr{-,x) da 


= -e^W(G(\^-y\-pe)rhy{x)e-^^^^/^e [ dnGrix,-)da 

Jar 


where dn is the normal derivative taken from the interior with respect to 
the outer unit normal at the boundary. The last equation uses (2.19) and 
the fact that r > 0 can be chosen arbitrarily small. Invoking the Harnack 
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inequality Corollary 9.25 in [24] on the left-hand side of (2.36), we thus have 
for some C = C{d) 

(2.37) Gr(2/,x)capB(j/,p£)(r'=) <Ce“^(*)/^/iy(x). 

Equation (2.34) now follows from the symmetry of in x and 

y- 

For the proof of (2.35) we first observe that considering y = x in (2.36) a 
similar calculation gives for all 0 < p < 1 

(2.38) ef e~^^^Gr{-,x)dnhx = e~^^'"'>^^. 

JdB{x,pe) 

Analogously to (2.37), we find C independent of e such that for all y £ 
dB{x,pe), 

-F{x)le 

(2.39) Gr{y,x)<G - 

^^PB{x,pe 

For, choose a sequence of points yo = y,... ,yk = z G dB{x, 2pe) such that 
pe/100 <\yi — yi+i \ < pe/3 and balls Bi of radii pe/3 such that yi-i,yi £ Bi. 
Applying the Harnack inequality to each ball, we derive Gr {yi,x)/Gr(yi+i , x) 
G for some C = C{d) and 0 < p < 5(x). Since the arclength of a ball depends 
linearly on the distance, we get that k is bounded independent of e and 
y,z G dB{x, 2pe) and thus 

(2.40) Gr{y,x)/Gr{z,x)<C^ 

from which (2.39) follows. Assume first that F = B{x,p£). Invoking the 
Dirichlet principle for the capacity, we derive for 0 < r < p 

(2.41) caps(x,r£:)(^(a:,pe)'') < cap|(,^ ,.^)(B(x, pe)'"), 

where cap^ denotes the capacity with respect to the Laplace operator. Since 
G^ is rotationally invariant, it follows that 

(2.42) cap|(,^ ,.^)(.B(x,pe)") = l/(G^(pe) - G^(re)) > 1/G^(pe). 
Combination of (2.41) and (2.39) shows 

(2.43) GB[x,pe){y^x)<^G^{\x-y\), \x-y\<p£. 

To obtain the full estimate we note that the function G^{-,x) — GB{x,p£){'^x) — 
h is a weakly Le-harmonic function in i?(x, pe) and equals zero on dB{x, pe), 
where h is the solution of the Dirichlet problem in B{x,pe) with boundary 
values Gb{x,p£){'ix)- By (2.39) and (2.43) we thus have proven for |x —y| < pe 



Ge-F^x)le 
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which gives (2.35). □ 


For later purpose we notice that the definition of 5 in (2.12) implies 

(2.45) inf F — e< inf F < sup F < sup F -\- e. 

Indeed, fix arbitrary x G S and let y G dB(x,e5{x)). We then obtain, using 

( 2 . 12 ), 

(2.46) F{y) — F{x)= [ S/F{{1 — t)x + ty) ■ {y — x) dt <\x — y\/6{x) = e 

Jo 

and F{y) — F{x) > —e by replacing the roles of x and y. 


Proof of Lemma 2.6. Applying (2.16), respectively (2.15), to 
respectively g, with the obvious choice 2 : G dB, respectively z G dA, we 

may assume that x G W^\A\B, where A = Au {dA)^’^, B = BU {dB)^^ and 
where R : dA U dB (0, 00 ) is as in Theorem 2.5. Let er: R'^\A\B (0, 00 ) 
be the maximum of e6 and the distance from B. We may assume that R 
is bounded by 1. We now may write, using (2.35) for F = M.'^\A\B and all 
X G R^\A\B, 


h^Bix) 

— 

C ,, 

4 - 1 - / , 1 -^( 3 ^; £^)| 

£ ^^PB{x,sr{x))iJ^^ B) 

^ABix) CapBiy,riy}e) ^ B) 

Using the Harnack inequality for h^B on B{y,sr{y)), we observe for x G 
{Ad BU B{y, er{y))Y that 

19 /ISI ^S(y,er(y)),AuR(^)^A,B(y) ^ ^^\AvjBVjB(y,er{y))Y'^dB{y,er(y))hA,Bi^) 

^ <ChlBix). 



By (2.16) for u = b ^y (2.34) once more we 

have for all y = 2 ; + tR{z)en{z), z G dB, 0 < t < 1, the bound 


^ ir ‘*\ a \ b (^’ y)^A,Biy) 

^ GG^d\A\Bi^^ ^ + Ri^)^n{z))h^j^ Biz + Riz)£n{z)) 

^ ^ ^B{z+R{z)eniz),RiAA^),AUBi^)hABi^ + R{z)£n{z)) 

^^PB{z+R(z)£n(z),R{z)£/4) ^ BY 


(2.49) 
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where n is the outer unit normal vector field at the boundary of B. We 
hence may apply the Harnack inequality again to the right-hand side of 
(2.49), proving 


(2.50) G-^d\^j^\^j^{x,y)hj^j^{y)<C 


hA,B{x) 


CSpB{z+R{z)sn(z),R(z)e/4) S)'' 


Invoking Proposition 4.7 in [4], we have for all 0 <p<l 


(2.51) caps(y,pe)(AU5) >e ^(^’^^^)/^(pe)'^/(C'pe). 

Inserting (2.50) and (2.51) into the integrals on the right-hand side of (2.47), 
we thus may bound the right-hand side by C times 

i + ig(F(x,/UJ)-F(x))/£ 

+ |{F = F(.,71U5)}\71\S| 

(2.52) + |{dist(-,5) <i2e}| sup f.\F{z+tR(z)eniz))-F{z+R(z)sniz))\/e 

zGdB,0<t<l 

+ 1 / ^(nyJUJ)-F(y))/c^y_ 

e J{F<F(-,AUB)}\A\B 

Since R(z) < S(z), (2.45) tells us that the supremum appearing in the fourth 
term is bounded by e. We readily verify (2.33) by computation of a Laplace- 
type integral. □ 


3. Growth estimates at infinity. Because of the strong drift of —’VF 
toward the local minima of F, the influence of the values of a solution cj) of 
(2.1) at infinity on its values in compact sets can be neglected. Technically, 
this will be achieved by weighted L^-estimates near infinity in the spirit 
of Agmon and Helffer and Sjostrand (see [1] and [26]) in combination with 
pointwise estimates based on the maximum principle in compact sets. 


3.1. Laplace transforms in compact sets. The following lemma provides 
us good control on Laplace transforms h\ ^ in compact sets away from its 
first pole X{W^\A\B) in terms of the maximal conditioned expected exit 
time from M'^\A\B. 

Lemma 3.1. Fix regular, closed, disjoint, nonempty sets A and B with 
bounded complement W^\A\B. Assume that Bj<zA and Bj C B, where I = 
M.r\ A and J = M. r\ B. Assume that 0 < As°(A, B) < 1/2. Then for some 
N = N{d) and C = C{d) and all x ^ A\J B, 

< 1 + XCe-^{Tiuj + |mV\^I)- 

h^Bix) 


(3.1) 
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Moreover, 

(3.2) !^(ir^<i + ACe-'^(r7uj + |MV\^l)- 

Wa,b{x) 


Proof. Equation (2.5) and the condition on A show that and 
where Ti = {a < F < f3}, exist. The Harnack inequality, Theorem 8.20 in 
[24], the weak maximum principle and (2.17) applied to h=h\^ — '•a B 
yield for all x e S = M.'^\A\B 


(3.3) 


h\B{x) 


-1 = A 




G%{h^ 


A,B 

'a,b 




-1 (x)+A 


^s^a,_b(®) 

h\B{x) 


< As°(^, B) supf , + As*’(^, B). 

S V/iA R J 


Taking the supremum on the left-hand side and assuming it is finite, we 
have proven 

/jA 

(3.4) sup-^ < l + 2As°(^,S). 


Simply by continuity at the boundary, the supremum stays finite near bound¬ 
ary points xo G dA. Since ^ takes its minimal value at zero by the Hopf 
maximum principle Theorem 3.2.5 in [36], it follows that 

,. h\B{x)-0 dn{xo)hA,B{xo) 

(3.5) lim —— -= -—-—- < oo. 

S9a:^xo /l[4^(x) - 0 r(xq) 


Equation (3.1) now follows from (2.33). 

Eor the proof of (3.2) we apply (2.17) to h = w\ ^ — w\ ^ and obtain for 
all X ^ A U 


(3.6) 


WA,Bix) 
(x) 


- 1 = 


r' 

■^1 


A,B 




^0 > 

Ba -^ I (x) 


M,B 

’ A lA’ 

0 '"AB I '^A,B _ ^ 


(x) 


— ^^A B S'Ap —-h sup 


RAMB ^A,B 1R‘*\A\S ^a,b 


By the Hopf maximum principle we again may take the supremum over 
in this inequality. The assertion thus follows from (3.2) and (2.33). 

□ 
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3.2. Weighted estimates. Let F be a C°°-function on a regular domain 
S. Denoting by Lf the operator defined in (1.1), we have that the 
transform t equals the Schrodinger operator 

(3.7) 77f = -eA + l//, d/= |VF| V( 4 e) - AF/2. 

Fix u G C^(S) n C^(S). The well-known basic identity (see, e.g., Theorem 
3.1.1 in [25]) 


(3.8) 



\Ve'^^'^u\‘^ dx + j (f/'— |V</?|^/e)|e‘^/^n|^(ix 
= - / dn\e'^^^u\^ da + [ Hf udx 

2 JdT. Jt. 


for L^-decay estimates is a consequence of Green’s first formula and Gauss’s 
divergence theorem. Equation (3.7) holds for all Lipschitz continuous func¬ 
tions (/? on S. Fix 6*3 > C 2 > Cl and let us now assume that F is close to 
F in C^(S) such that supj^^c'gjpis | AFj < ess — supi^^c’^jns |AF| and such 
that the conditions in Assumption 1.2 are also satisfied by F for slightly 
modified constants Ci < C 2 , c and fie defined with respect to F instead 
[e.g., let F{x) = / ip 5 {x — y)F{y)dy for <5 > 0 sufficiently small, where (^5 
is the density of the centered normal distribution with covariance matrix 
{d Being only interested in bounds on eigenfunctions in compact 

sets, we can bypass conditions like a uniform lower bound on . For, set 
R 2 = sup{|x| \F{x) < C 2 }, let L > i ?2 and assume that B{0, R 2 + L)c {F < 
C 3 }. Let y :M —> [0,1] be a smooth, decreasing cut-off function with y = 1 on 
(— 00 ,1], X = 0 on [9, 00 ) and x(4) = 1/2 and introduce nonnegative functions 
Ji(x) = (1 — = Jix) = x((kP — (i? 2 )^)/L^). The IMS localization 

formula (see Theorem 3.2 in [ 8 ]) reads 


(3.9) 


Hf = Ji + J2H^J 2 - jVJip - |VJ2|2 

= Jiiff Ji + J 2 iLf J 2 - 1^. 


Since on the left-hand side of (3.8) there appears the quadratic form of F[^ 
applied to e^l^u and since by Assumption 1.2 and monotonicity in volume 
of the principal eigenvalue for L > i? 2 , (1280/15)^/^ sup |xV(/^£)^^^ 

(3.10) J2Hf J 2 - l{j<i/2}|VJp/(l - J^) > /lel{J<l/2}/8 

on VFq^’^({J / 1}), we have 

e / \VJe^/^u\^dx 

Jt, __ 2 

< - / dn\e'^^u\^ da + f udx. 

2 JdT Jt 


(3.11) 
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Choose S = {F > Ci, J > 0} and let ifj be the solution to the eiconal equa¬ 
tion 


(3.12) IV(^|2 = J2|VFp, ^ = Cion{F = Ci}, V^(xo) = VF(xo), 

for some xq G {F = Ci}. By Theorem 5.5 in [23] and by local flattening of 
the set {F = Ci}, we can construct a unique, smooth solution defined on a 
neighborhood of this level set. In fact, we may assume that {J > 0,F > Ci} 
is contained in the domain of (pj. Moreover, as in Lemma 3.2.1 in [25] the 
solution can be identified with the Agmon distance corresponding to the 
potential J^jVF]^. More precisely, for a point a; G {J > 0,F > Ci} 

(3.13) (pj{x)-Ci = p{x)= inf / J{c{t))\S/F{cit))\\c{t)\dt, 

c: >supp J Jo 

c{0)=x,F{c{l))=Ci 


where the infimum is taken over all continuously differentiable curves. The 
proof of the upper bound <pj{x) — Ci< p{x) is the same as that in Lemma 3.2.1 
in [25] while the proof of the lower bound is a slight modification of the corre¬ 
sponding assertion. For convenience of the reader we shall give the details of 
this modification. Let Xp = — V^p) be the Hamiltonian vector field cor¬ 

responding to the Hamiltonian p{x,^) = J^]^ — J(x)^lVF(x)l^, (x,^) G 
As in Proposition 5.4 in [23] we define A to be the set of points (x,^) such 
that there is an integral curve 7 ( 1 ) = {x(t),^{t)) of Xp satisfying F(x(0)) = 
Cl, .^(0) = VF(x(0)) and {x{T),^{T)) = (x,^). Moreover, the proof of The¬ 
orem 5.5 in [23] shows {(x, V(^j(x))jF(x) > Ci}cA. Replacing A+ in the 
proof of Lemma 3.2.1 in [25] by A, we compute analogously {d/dt)(pj{x{t)) = 
V(pj{x{t)) ■ x{t) = 2j,^(t)j^ = JjVFj(x(t)) lx(t)l, where we use that 7 (t) is an 
integral curve of Xp, ^{t) = X(pj{x{t)) and that (pj satisfies the eiconal 
equation. The latter equation now gives Jq J\XF\{x{t))\x{t) \ dt = (pj{x) — 
(,5j(x(0)). As x{t) G supp J for all t <T, this clearly implies p{x) < (pj{x) — 
Cl - Since J = 1 on {F < C 2 }, it is easy to see that p{x) and therefore pj{x) — 
Cl equals F(x) — Ci for all x G {F < C 2 }. Thus for c^Rj24 larger than 
sup|(^^^^^^^l JAFj/jVF]^ and c^F/48 larger than 20 sup(x')^/((cL)^(l— 
X^)), the choice p = {1 — Re)(pj/2 shows that the second term on the left- 
hand side of (3.11) is bounded below by 


(3.14) 


f 


R 


I{J>1/2,F>Ci}\IQ 


IVFJ^-IaF- 


IVJI^X 

i-jy 


>^ [ \XF\‘^\e^/^u\‘^dx. 

48 J{Ci<f<c' 2 } 


dx 


We therefore obtain for C 3 sufficiently large depending on and R 2 + L 
the existence of a constant C depending on c and j AFj/jVFj^ 
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satisfying 


i 


(3.15) 


{Ci<F<C2}^ 

+{yc) 


|yg(l-iie)F/(2£)^|2^^ 


5(1 


/{C'i<F<C2 } 


< 




2 Jas 

This estimate readily implies: 

Lemma 3.2. There are constants C = C{F\{F > Ci}), Ci introduced 
in Assumption 1.2, R = i?(F|{F > Ci}) such that for every C 2 > Ci and 
C3 > C2, R and for every function h G C^(S) n C^(S) we have 


(3.16) 


L 


{Ci<F<C2\ 
< 


\Ve-^^l^h\'^ + {{1/C) - \)e-^^\h\‘^ dx 


{e/ 2 ) [ dn\e da + [ e h{L^ — \)hdx, 

JdT, JT, 

where S = {Ci < F < C 3 }, provided Assumption 1.2 holds. 

Proof. Inserting h = and the definition of Fl^, we obtain (3.16) 

with F in place of F. Approximating T in C^(S) by a sequence of func¬ 
tions in C“(S) and observing that the analogous quantities jln,Cn,Ci^n cor¬ 
responding to Fn tend to fi,c,Ci, respectively, we derive the assertion. □ 


For a subset S C ] 
neighborhood by 

(3.17) 


and a function r: ] 


(0,oo) we introduce its r- 


S'" = {x G M'^l dist(3:, S) < r{x)}. 


Recall definition (2.32) of Bi{’j) and (2.12) of 6 . Combination of the Harnack 
inequality, Theorem 8.20 in [24] with (3.16) gives: 

Proposition 3.3. Let F satisfy Assumption 1.2. For every regular, 
open domain 12 C containing {T < Ci} and every bounded, regular subset 
S C12 n {F > Cl} there exists a constant C = C{d, F|12 n {F > Ci}, S) such 
that for every nonnegative function (/ G Co(^) solution h G 1T^’^(12 n 
{F > Ci},e~^^^ dx) to the boundary value problem 


(3.18) 

satisfies for all y gT, 

(3.19) 


{Le-X)h = 0, 0<A<1/C,e 

h-f)G lTo^’^(12 n {F > Cl}, dx), 


/i(y) < sup (j). 

{F=Ci} 
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Moreover, if fie > for some 6 > 0, then there exists C = C{d,F) such that 
for all y € it D {F > Ci} and all 0 < X<e 

(3.20) h{y)<C sup eiF{y)-Ci)/{2e)-dist{y,{F<Ci})/C _ 

F{y,e5{y)) 

The reason for writing the poor a priori estimate at infinity in (3.20) is 
that in the last section concerning the distribution function of transition 
times we shall need some bound on the principal eigenfunction which is 
uniform in volume. 

Proof of Proposition 3.3. We first assume that XI is bounded. Since 
h < /isup|^=(^^| (j), h = by the weak maximum principle, it suf¬ 

fices to prove the assertion for h. By the boundary Holder estimates (2.15) we 
may restrict ourselves to the case dist(y, dXl U {F = Ci}) > 6{y), where 6{x) 
is defined in (2.12). Application of (3.16) and the Harnack inequality, Theo¬ 
rem 8.20 in [24], to h G C^(S) n C^(S) in combination with the condition on 
A imply the existence of C{d) > 0 such that e~^^^y^h{y)'^\B{y,£5{y))\/C{d) 
is bounded above by 

(3.21) C'e"^^ife|{F = (7i}| sup |VF|+e/ dnhda 

V {F=Ci} J{F=Ci} 

where C is the constant appearing in Lemma 3.2. The assertion follows 
since by definition 5(y) sup£(j^^j 5 (j^)) = 1/8 a-iid since the integral equals 

I{F=Ci} Green’s second formula and < 0 

on dQ by the Hopf maximum principle and the fact that ^ 

and equal to 1 on {F = Ci}. 

For 11 unbounded, fix a sequence 11„ CC H of regular, open and bounded 
domains and denote by hn the solution to the boundary value problem 
with XI replaced by Xln- Note that hn] h so that h is {L^ — A)-harmonic in 11 
by (2.17) and (2.19) as the Hopf maximum principle tells us that Poisson’s 
kernel is nonnegative. Since the solution is unique by the weak maximum 
principle and since the right-hand side of (3.19) on each hn does not depend 
on n, the estimate again follows. 

Equation (3.20) is a consequence of (3.8). For, as already mentioned, this 
equation may be rewritten in terms of as 

e [ \VeF^^vfe~^^^dx — - [ \Vip\‘^\eF^^v\'^e~^^^ dx 
(3 22) _ £ Jt. 

2 JdE JT. 

where v = Again by a simple approximation argument, we may 

assume that F = F. Let us introduce the function v = (1 — Je)h, where 
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Je is some smooth cut-off function equal to 1 on {F < Ci}, equal to zero 
on {F < CiY and with modulus of its gradient bounded by C/e. Choose 
if{x) = (5edist(a:, {F < Ci}) and S = {F > Ci}. (^ = 0 on dT, and it is not 
difficult to see that ip satishes the eiconal equation \Vp\‘^ = {Se)'^ in S (see 
Exercise 5.7 in [23]). Since on the left-hand side there appears the quadratic 
form of the operator and since v satisfies the boundary condition zero on 
{F = Cl}, we obtain from (3.22) 

(3.23) {p, - 6h) f dx < e^ 

JY\{F<CxY 

for some N = N{d), where we use that h is bounded by e^ for some N in 
{F < Ci}*^. By the Harnack inequality in combination with the condition 
on /ig, it follows for some 6 > 0 after possibly increasing N that h{y) < 

for all y ^ {F < Ci}^ which implies 
the assertion if 12 is bounded. By the same approximation argument as given 
above we derive the estimate in the general case. □ 

3.3. Laplace transforms. We now want to sharply compare in compact 
sets eigenfunctions to linear combinations of electrostatic equilibrium poten¬ 
tials Q for small neighborhoods A and B of relevant local 

minima. More precisely, let (f £ WQ’'^(Ll,e~^^^ dx) be a solution of the eigen¬ 
value problem (2.1) for a regular domain {F < Cij C 12 C By Lemma 2.3 
for every x € M we find x £ such that (p does not change sign 

in the ball B{x,e) for some (5 = /3(F) > 0. Let M. = be a collection of 
such points. Let us define 

(3.24) 12o CC 12i CC122 CC 12 where S CC L stands for S C L 

via 12o = Bj for I gM, where the former set was defined before (2.32), 12i = 
{F < Cl} n 12 where Ci is given in Assumption (1.2) and 122 = {F < C 2 } n 12 
for some large constant C 2 > Ci. Clearly, by, for example, (2.17) 

( 3 . 25 ) <Pi = 

yei 

in 122\12 o provided A < A(12\12o). Generally speaking, cj) and fP, where we 
abbreviate are not close to each other everywhere in un¬ 

bounded regions 12 even if 122 = 12. In fact, we allow 12 to be equal to 
and in this case cjP stays bounded while in general f) is unbounded near 
infinity. However, exploiting the drift of F toward the local minima, we can 
show that (j) is close to (fP in bounded regions 12i\12o independent of e and 
containing all relevant local minima. For similar problems in discrete space 
we refer the reader to [18]. 
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Let us first generalize Lemma 3.1 to the noncompact case. Recall the 
definition of the maximal time scale T/, I cAi, given in (2.31). Combining 
this lemma with the weighted estimates written in Proposition 3.3, we can 
prove: 


Proposition 3.4. Assume that F satisfies Assumption 1.2 and let he 
a regular domain independent of e > 0 and containing {P < Ci}, where Ci 
is defined in Assumption 1.2. Fix IcAi and let Hq be a union of |/| balls 
By = B{y,e/4:) C y G F There are N = N{d) > 0 and (3 = 

/3(F) > 0 such that for all C 2 > Ci and R>0 we find C = C{d,F,C 2 ,{F < 
C 2 },R) with the following property. For all 0 < X < /Tj, all nonnegative 
f G L°°(M'^)\0 satisfying supg^^ / < Rinf^^^^ / and all x G {F < Ci}\no it 
follows that 

13 26') 

and for all y G I 

(3.27) 3-^A £ ^T/e 

Before we turn to the proof of this proposition, we note the following a 
priori lower bound on principal eigenvalues in unbounded domains, which is 
an immediate consequence of (3.26). 


COROLARRY 3.5. In the situation of the previous proposition we have 


(3.28) 


X{Il\Bj) > ^ 


At this point we shall need the following consequence of Proposition 4.7 
in [4] giving decay of the Poisson kernel in bounded sets. We identify 
as an operator acting on functions defined on via 
and likewise for functions a priori defined on S, which by definition take the 
value zero outside B. 


Lemma 3.6. There isC = C{d,F\Tl 2 ) such that for alia < /3 —Celoge < 
C 2 + 1 and all regular, open, connected sets B C AT C P satisfying K C {F < 
a} and {F < /3} C P 

= sup 
A\S 


(3.29) 
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Proof. The existence of C = C{d, F\Q 2 ) follows from Propositions 4.3 and 4.7 
in [4] such that for all x G iiT 

(3.30) cap^(x,5(x).)(r"US) 

/(^^x) sup |VF|). 

V B{x,£S{x)) / 

Equation (3.29) holds since <5(x) |VF| = 1/8. □ 


Proof of Proposition 3.4. Let denote the function on the left- 
hand side of (3.26) and set ^2 = (f^\f^o) H {F < 6 * 2 }. We first note that 
(2.33) gives the existence of constants N = N{d) and C = C{d,F\{F < 
Cl}, \{F < Cill) such that s^{Bj^\j,BjLl{F > Cij) < Ce~^. Therefore, for 
A < /{2C) Lemma 3.1 in combination with (3.19) for S = 02 H {F > Cij 

and h = weak maximum principle 

yields 

sup h^<sup/ sup 
C2\IIo ^*^0 

(3.31) <Ce(^“'^)/2sup/ sup 

^ ’ aiio {F=ci} ^ ^ 

^Ce-'^sup/, 

9^0 


where C = C{d, F\Q,Q 2 )- We now use the equation 
(3-32) h = 


in Hi/llo so that by the condition on /, (3.31) and (3.1) in combination 
with (2.33) for ^ = 110 and B = 0^2 some C = {d,F\Q,{F < C 2 },R), 
N = N{d) as above and all x G Hi/llo, 


h^{x) 


(3.33) 




< 1 + Ce 


''k.aF'^ 

/l° - (x) 

<l + Ce-^ 1 

1 


where we have used Corollary 4.7 in [4] in the latter inequality. To derive 
the result, it remains to compare with But (3.1) 

once more for ^ = By, y G I, and B = 0.2 shows after possibly increasing N 
for some C = C(d, R), some N = N{d) and all x G 


H^^lgnjjx) 

H^yyUnofi^) 


< 1 + Ce-^XTi 


(3.34) 
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again by the condition on A. This proves the first equation in (3.26). 

For the proof of (3.27) we note that we already have proven (3.28). There¬ 
fore, the Cauchy inequality in combination with (3.26) for f = 1 b^ implies 
for large N 

(3.35) sup 

Ui\f!o 


Similarly to the argumentation in (3.31), (2.17) in combination with (3.35) and (3.29) 
gives for all y G lli\no 


(3.36) 




A 


— '^Ba:,BjUnZ 


(y) + 

(y) + 


The assertion in (3.27) now follows from (2.33) in combination with (3.2). 

For unbounded Q an argument analogous to that given at the end of the 
proof of Lemma 3.1 shows (3.26) and (3.27) since the constants are uniform 
in n. □ 


An immediate corollary from Proposition 3.4 is the following relation 
between eigenfunctions with small eigenvalue and equilibrium potentials. 
Recall that we have defined for /3 > 0 

(3.37) aIj = {y^ M''|F(y, I) < F{y, J\I) - /?}. 

COROLARRY 3.7. Choose N = N{d), (5 = (5{F) > 0 and C = C{d, F,C 2 ,{F < 
C 2 }) as in Proposition 3.4 and let (j) be a solution of (2.1) such that 0 < A < 

/Tj, where A4 is defined before (3.24). Let cpy, y € I, be defined in (3.25). 

For large C 2 it follows for all x G ni\no 

(3.38) 0(x) = ^(/>y(a;), (fy{x) = {I + 0{l)£-^ 

y&i 

Moreover, let x ^ I be such that supg^^ |0| = supg^_ \ (f\. Then 

(3.39) 4>{y) = (1 + 0(l)e-^(Ar,- + e-^/^))<^(x), y G A^ -, 
where the modulus of the Landau symbols is dominated by C. 

Proof. We may assume that (f is normalized such that it is positive on 
By. The Harnack inequality ensures the existence of C = C {d, F\B{y, y/e)) 
such that sup^^ cj) < CiniBy 4>- Equation (3.26) for / = tdBy4> gives (3.38). 

For the proof of (3.39) we first note that Corollary 4.8 in [3] in combination 
with (3.38) and the condition on x implies for all y G i\x and all z G S = A^ - 

\(t>y{z)\ < 2 / 1 ^ B (z)sup|0| <Ce~<^/^\(t){x)\/£, 


(3.40) 
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where we have used the Harnack inequality to replace the supremum in the 
latter inequality. Furthermore, for all z G S, 

(3.41) \(l)^{z)\>{l/2){l-h% B^(z))inf |(()^| > (l/3)|(()(x)|. 

In particular, (p does not change sign in S. In view of (3.38) again and (3.40) 
we now may choose r = Ce~^+ in (2.11) applied to p and F = fl. 

Since {F < Ci} C F, (3.1) for A = Vl\ and B = and (3.29) for a = sup^^ F 
and (5 = Cl show sups\B^ and (3.39) follows from 

(2.11); note that we may replace e there by e/4 without any harm. □ 

4. Small eigenvalues. In this section we derive precise asymptotics of 
the exponentially small eigenvalues of in a regular domain 11 containing 
{F < Cl}, where Ci was introduced in Assumption 1.2. We first relate these 
eigenvalues to the capacity matrix defined in (4.1). In the last section we 
show that for generic F they are exponentially close to certain principal 
eigenvalues. In the following section we therefore study principal eigenvalues 
in detail. 


4.1. Sharp uncertainty principle. In the sequel we want to derive neces¬ 
sary conditions on small eigenvalues by relating them to a matrix which in 
leading order equals the capacity matrix introduced in [28]. Namely, fix an 
eigenvalue 0 < A < e with corresponding eigenfunction p. Recall the choice of 
A4 =Aitf, given before (3.24). The existence of A4 is guaranteed by Lemma 
2.3. Recall the definition of F^, IcA4, given in (1.7). We define Cj{\,<p) to 
be the matrix with entries 


(4.1) Cj{\4>)y. 




dnh^ fda 
” y,i 




where y,z € I. For the sake of convenience we henceforth write shorthand 
for i,JcM: 


cap-^(/, J) = cap^_(Fj U 0'^), 

Xj = X{n\Bj). 


Note that the choice of y G B{y,y/e), y £ I, y G A4, a priori depends on p. 


Lemma 4.1. Let 0 < X < Xj for some IcM. Then X G cr{L^) implies 
det (^^(A, p) = 0. Moreover, the vector p = {p{y))y^j solves the system Cj{X, p)p 

0 . 
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Proof. This characterization is a consequence of Green’s second for¬ 
mula applied to Bj and Q\B j showing for all y € I 

0 = / j{L — \)(j)dx 

(A 

= ^ / e~^/^(t)dnh^ jda — X j e~^^^cl)dx, 

~ dd By 
z£l " 

where we have used that the normal derivative of (p at dBj taken from inside 
equals the negative of the normal derivative taken from inside Bj. □ 


Lemma 4.1 can be used to analyze principal eigenvalues leading to the 
sharp uncertainty principle Theorem 4.2. As in [3] or [18] one proves Xj < 
Xjyjx for X ^ M.\I so that from Lemma 4.1 it follows that 

(4.4) £ [ e~^^^(pfdnh^^fda — Xf [ e~^^’^cl)fdy = Q^ 

ddBy, dBy, 

where (/>j is the principal eigenfunction of such that = 1. This 

equation implies: 

Theorem 4.2. There exist N = N{d) and C = C{d,F) with the follow¬ 
ing properties. For nonempty, properly contained I ClM. and x G Al\/ such 
that Tx J = Tj < e^Tj^x have 

'^x,i 

where j = - was defined in (3.37) and where the modulus of the Landau 

symbol is dominated by C. 


Proof. Taylor’s formula shows for all y G Bf\Bx, 0 < r < e, and some 
0 < Ao = Xo{y) < Xj, 

( 4 . 6 ) = KfiM + 

By the Cauchy inequality and (3.28) we may bound for some universal C 

(4.7) w^L{y) < (C/(Ai - Xo))wlL{y) < 

for some Ai < not depending on y so that from (4.6) it follows that 


(4.8) 


lUx 

Kjiv) = K/y) + + 0{l)\i^w^y{y), 
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where we have used (3.28) once more. From (4.8) and (4.6) we obtain for 
y G dBx the double side estimate 


(4.9) 


^ - duh^ jiy) - Xfdnwljiy) < 0 , 

where the normal derivative is taken from outside Bx- Denote by P{F) > 0 
the optimal Holder exponent of F around A4 and fix /3 G {(3{F)/2,(3{F)) 
and define Bx^p = We want to estimate for A = 0, Ai 


IdB, 


J^x 1 


dnW^ 7 da 

:,13 ^ X,I 


(4.10) 




Dx 


dy 


+ s 


IdB. 






'x^l3 


da, 


where the latter equality uses Green’s second formula. By (3.27) j is 
bounded by 


(4.11) 


(l+CAT;^Jw»^,+Cj-''e-(C>-'')/< sup T, 


F<Ci 


lUx 


for some C = C{d,F\{F < G 2 },|{F’ < ^ 2 }!), where in slight abuse of no¬ 
tation jyjY;c = ^ = {d^ < ^ 2 }- Combination of (4.10) and 

(4.11) with (3.1), (3.2) and (2.33) yields for some C as before and some 
N = N{d) 

e f dnW^- da 

JdB,^ 

Again by Green’s second formula we compute for (5 > A7elog(l/e) 


(4.13) 


/as. 

Jt 


-e e rdnUp j. ,y^da 

er^l^h^ fdy 

X,I ^ 

e -1 

ABy 




y e-^/A°fdz+f fdz 

^-.JAtABy x,I 


y&i'^ 

+ 


j\B. 

Az. 


X,I 
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Since F is bounded below by F{x,I) — /3 on S\ljyg/^y,a;\^f/> we simply 
bound the last integral in (4.13) by 


(4.14) 


-(F{x,i)-l3)/e 


A U 

y£l 

For the integrals in the sum on the right-hand side by Corollary 4.8 in [4] 
we may bound j on By\By, y G I, hy 

(4.15) f = IdB^h^ f < 

^ ^ xj B^\By x,I — ' 

and on A^^^\By by /e, so that 


(4.16) 


^y,x\^y 




Concerning the second term on the right-hand side of (4.13), we again 
use Corollary 4.8 in [4] applied to hP^, ^ ^ ^ , on 

A^ j\Bx in combination with Green’s second formula showing that for some 

N = N{d) and some C = (C(d, ^ |^^-|) 


(4.17) 


/ e-^^^h\dz+ f e-^l^dz 

x,I 

>[ j,)dz+ f e-^/^dz 

Ja^ JBx: 


> {l-Ce-^/F 


-^l^dz. 


Inserting (4.17), (4.16) and (4.14) into (4.13) and the result into (4.12), we 
derive 


e / e 
JdBx, 


~^^^dnW^jda+ [ e dz 

JBx, 


(4.18) 


> - ( 1 -L CXTj^^ + C 


£ ^ + ePI^ 




L 


dz 


- 

X,I 


where we have used cap^ {^^\Bx,i 3 ) < je'^~^ following from Propo¬ 

sition 4.7 in [4]. Using (4.10) in combination with (4.18) in (4.4), we now 
conclude 


(4.19) 


capO(x, i)=(^l + 0{l)e-^ ) 
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where we have replaced (/>j by 1 + 0{l)e ^{1/Tj + e in view 

of (3.39) and (2.7). Since C 2 can be made arbitrarily large, the proof is 
completed by choosing /3 = A^elog(l/e) and that - may be replaced by 
- without harm. □ 

X,I 

Equation (4.5) implies the following intuitive sharp uncertainty principle. 
COROLARRY 4.3. In the situation of the previous theorem, we have 

where 1 E[t^-uqc] is the expected time of the first visit of BjU of the dif¬ 
fusion generated by and starting in x. 


Proof. We first note that by (2.18) for S = f2\{F > Ci} and P = 

f2\{P>C2}, C2>Ci, 

+ sup/lpc^^ Sgr(i?j= U O^) + U n^). 

' lUx •' 


Since for large C 2 the first term on the right-hand side of (4.21) is bounded 
by for some N = N{d) and C = C(d, F|{F < C 2 }, |{F < Cs}!) by 

(3.27) in combination with (2.33), after possibly increasing C 2 we obtain 
^ < Ce~^Tj^^ -\- Sq^^{Bj[JII^). Invoking (6.1) in [4] in com- 

bination with the fact that the nominator in this estimate is computed in 
(4.17), we conclude 

(4.22) + 

It follows from (2.11), (4.22) and (6.1) in [4] that 


(4.23) sup< (1 PC's inf 

Rx V If / 

It follows from Green’s second formula and (4.23) that modulo the error 
term appearing above 


w%n4x)ca.p^{x,I) 

= e ( e~^^^w^iyj^cdnhl i da 
JdBj,: 

= —e 


f e ^/^d-nw^jun-da+ [ _ e ^/^hl jdy 

= j e-^^^hl jdy. 

Jn 


(4.24) 
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The latter integral was computed in (4.17) so that the assertion follows from 
(4.5). □ 

We want to analyze the diagonal entries of the matrix in more 

detail. 


Lemma 4.4. In the situation of the previous theorem there are N = N[d) 
and C = C{d, F) satisfying, for all 0 < X< Aq, Aq = £~^ 




Cj{\ = -(1 + o(i)e-^Ar,-^ j 

(^•25) X (A-Af-(A-Aj)2o(l)e-^l 


I\Jx 




-FF 


dy. 


Proof. Performing a Taylor expansion at A = Aj to second order of the 
Laplace transform on the left-hand side of (4.25), we compute similarly to 
(4.9) using (4.4) 


(4.26) 


C'(pf)xx — 


(A-Aj)("e [ e ^/‘^(jijdn'u/'hda - f 
V Jb,, 

+ {X — Xj)‘^£ [ sds [ dae~^^^(j)fdnW 
Jo JdB:„ 



(1—s) Aj-|-sA 
x,I 


Analogously to (4.8) by the Cauchy formula and (3.28) on dBx we have the 
estimate 

(4.27) > (C/(Ai - A)) dnyo^h > (lOOC/Ao) OnW^F 

for some universal constant C, (l/100)Ao < Ai < Aq and all 0 < A < (l/200)Ao. 
Moreover, (4.18) remains valid for A = A/,Ai so that analogously to (4.19) 
for C 2 large the last term on the right-hand side of (4.26) is of order 


(4.28) 

while the first term can be estimated by 

(4.29) (A-A,-)(l + 0(l)e-^(A,-r,-^, + i^^))^^ 

^ X,I 

In view of (3.28) from (4.29) and (4.28) for some N = N{d) and (3 = A^elog(l/e) 
the assertion follows. □ 


4.2. Small eigenvalues. We now turn to the investigation of small eigen¬ 
values of Lg. Namely, we will show how the capacity matrix introduced in 
(4.1) can be used to analyze the spectrum of near zero. The proof of 
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Theorem 4.6 proceeds close to the line of arguments of the analogous as¬ 
sertion in [18] or in [3]. In particular, for proofs, which are straightforward 
generalizations, we refer the reader to the counterparts therein. 

In addition to the notation introduced in (2.31) let us define 

(4.30) A4(a:) = {yGA4|F(y) <F(x)}, T^ = T^^m(x), xGM, 

in case that M.{x) 7 ^ 0 . We use the convention = dj, = 00 for M.{x) = 0 . 

Assumption 4.5. F is generic in the sense that p > A^elog(l/e) for 
some N = N{d) >0, where p was introduced in (1.17). 

From this assumption and its consequence Lemma 4.8 it follows that 
A1 9 X e-> Tj; is injective [see (4.47) for a proof]. We hence obtain an ordering 
of M via 

(4.31) x<y if and only if Tx>Ty. 

We also define 

(4.32) Mcx^iy ^ M\y <x}, M<x ^ {y ^ M\y <x}. 

We also shall need 

(4.33) 'Tx^ min min Ty z- 

^ ^ y&M<.zeM<Ay 

Let us briefly outline the strategy of finding small eigenvalues. Starting 
the process in a local minimum of F, we believe that for exponentially long 
times in 1 /e it behaves like the process obtained by reflecting the original one 
at the boundary of the corresponding valley. For each x G A4, we thus look 
for a solution of the equation appearing in Lemma 4.1 near the ground-state 
energy of the associated Dirichlet operator L^, where S = —recall 

the choice of M given before (3.24). We then show that these solutions are 
the only candidates for eigenvalues below for some N and that they have 
to be simple in case. Since from, for example, [39] or [ 8 ] we already know 
that there are |Af| many eigenvalues, these candidates in fact constitute all 
eigenvalues below . We use the conventions T 0 = 00 , ^A,0 — ^ 

Q = 0, B 0, A 0 = 0 and a /00 = 0 for a > 0. The result is 

Theorem 4.6. For some N = N{d) there is C = C{d, F) dominating 
all moduli of the Landau symbols appearing below in case that Assumptions 
1.2 and 4.5 hold. There are \A4\ simple eigenvalues Xx < Xy, x,y G A4, x <y, 
satisfying 

(4.34) 


cr{L^) n [0,e^) = {A^lx G M}. 
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For every x G M., x / min we have 7^ > e^l^T^ and > e^!’^ x Ty, 

where p is defined in (1.17). Furthermore, there exist (3 = f3{F) >0, a set 
M<x of |At<x| points such that n il(y ,y is a sin¬ 

gleton, and 


(4.35) A,= (^l + 0(l)e-^(^p + 


TXia'X.y^M\M<j: 


'M< 


where we use the notation introduced in (4.2) for the principal eigenvalue Aj. 
Moreover, every eigenfunction fix corresponding to \x satisfies for all z G 
{F<Ci}nO 


(4.36) 


(z) — (1 + 0{l)e 






h^ 

x,M<x 


+ ^ C>(l)e 

y&M<x 


-N , 0 

ry,x 


(z) 

(z) 


Combination of 4.2 with (4.35) and (1-11) yields the following. 


COROLARRY 4.7. In the situation of Theorem 4.6 we have for all x ^ Ai 
(4.37) A, = (1 + 0(1)8-^ 

-i M{x) 

In particular, under the conditions of Theorem 1.1 it follows that 


(4.38) A, = (l + 0(l)elog(l/e))|A* 


detHessF(x) 

I det HessF(z*)| 


Proof. It only remains to show that we may replace Ai{x) by Ai{x) 
within the error estimates in '^M{x) = T^ j, I = Ai(x), where we use (4.43). 
This is obvious for the nominator of the latter time scale. For the denomi¬ 
nator we have by the Hopf maximum principle on dBx for small (5 > 0 


(4.39) 


= (1 - 


where the second equality again is a consequence of Corollary 4.8 in [4]. We 
thus obtain 


(4.40) cap^Ji^j) = (1 - 0(l)e-(^("’")-”“^(^H^)))/7e)cap^7i?75)). 


Applying the same arguments to I = Ai{x), we obtain 
(4.41) T^j = (1 - 0(l)e-^/T,,/)T,,/ 
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for 6 = where /3 > 0 is the Holder exponent of F locally at M. The 

assertion then follows from (4.43). □ 


We have to introduce some more notation. Fix a set A4 of cardinality 
\M\ such that H(x,nis a singleton, where (3 = (5{F) > 0 is the 
constant appearing in Proposition 3.4. M inherits the ordering of M in an 
obvious way. Let us define Ta, = oo for x = minA^ and for x G A^\minA4 
set 


(4.42) 


f = 

‘-'X — 


min 

yeM<x 


T - 
y,M<x\y' 


The first lemma actually is a special case of Lemma 4.5 in [181 or Lemma 
5.3 in [3]. 


Lemma 4.8. For allx € M it follows for some N = N{d), C = C{d,F) > 
0 if p> Celoge 

(4.43) (1 + 

For X G Al\minAl we have 

(4.44) fx>£x> ePl^T^. 

Moreover, for x,y ^ Ai, y < x, 

(4.45) 




In particular, for y G 

(4.46) 


T - =T - 
y,M<x\y M<x\y' 


For the proof that the map x^T^ is one-to-one, we first note that (4.41) 
also holds for some (3 = (3{F) > 0 and arbitrary I cAi and I such that 
, X G A4, is a singleton. We then have for x < y by definition 
and Assumption 4.5 


(4.47) 


~ '^M<x '^z,M<x '^x,M<x 

z€M<cx 

> pPAt - > pPl^T - ~ pP/‘^T 

^yM<x^y^ ^y,M<y ^ ^y 


We would like to explain the geometrical background of the previous 
crucial lemma. The exponential rate of the time scale Txy is given by 


(4.48) 


F(x, I) - F(x) = elogT^y + 0(1) log(l/e). 


where F is the communication height defined in (1.6). The latter equality is 
a consequence of Proposition 4.7 in [4], where the Landau symbol denotes 
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a quantity with modulus bounded by a constant C = C{d,F\{F < Ci}). 
The first observation is that the restriction E of the communication height 
F to singletons in M satisfies the ultrametric triangle inequality, that is, 
E{x,y) < max{E{x, z), E{z,y)) for all x,y,z G Ai. Using the convention 
E(x,x) = 0, it is also positive definite and symmetric and therefore it is 
an ultrametric by definition. It is not difficult to see that the ultrametric 
triangle inequality is equivalent to the assertion that an ultrametric ball 
is centered at each of its interior points, that is, for I cAi and x G Ai\I 
and all y G Ai\I such that E{y,x) <r = E{x,I) = maxy^j E{x,y) we have 
E{y, I) = r. We would like to point out that the time scales still exhibit this 
ultrametric structure under very general conditions without knowing (4.48). 
If, for example, E = E^ also depends on e with degenerate growing level sets 
at local minimal values, the process behaves like a Brownian motion when 
started there. It therefore might be that the process stays in such regions 
rather because it takes much time for Brownian motion to leave a large set. 
This feature is taken care of in the definition of the time scale Txj in (1.9), 
which then is large not because the capacity cap*^(x,I) is small but because 
the invariant measure ^ e~EA dx of a basin Axy is fairly large. Under 
the same genericity assumption as Assumption 4.5 one can still prove ultra- 
metricity and we refer the interested reader to [18], where under minimal 
conditions this point is made rigorous. 

Lemma 4.8 is a special case of Lemma 5.3 in [3]. Indeed, within the nota¬ 
tion used therein a glance at the proof of Lemma 5.3 in [3] shows that it ac¬ 
tually holds for any set of times scales Tx,j, x G AiN, J cAiN\x (depending 
on a parameter A" = 1/e), on some finite set AIn such that (1/A) logTx^j = 
e{x, J) — f{x) + 0(1} log(A)/A for some function f = and some ultra¬ 
metric e = Cat on AiN- The quantity 6n appearing there (see Definition 1.2 
in [3]) corresponds to in our case choosing AiN ^ Ai,A4. With our 

favorite choice of the set of time scales we then have cn = E ^ F\-Ai = E\Ai 
and /at = F in our context. 

We now analyze the possible solutions of the capacity matrix introduced 
in (4.1). 

Henceforth, we assume for some x G A4\minA4 that Xx is an eigenvalue 
of satisfying for some a > 0 

(4.49) e^/ySx<Xx<e-^'^TM^^. 

Furthermore, (fx denotes a corresponding eigenfunction. 

For y G A4<x according to Lemma 2.3 we choose a set A4<x of |A1<3;| 
points each of them lying in one ball B(y,£^Ei+h)j^ y g Ai^x, for (3 = 
/3(F) appearing in the choice of I in Corollary 3.7 such that 4>x does not 
change sign in B{y,£). Equation (3.39) implies that cfx does not change sign 
in F(x,e/4). Indeed, assume that \4>x\ attains its supremum in some ball 
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B{y,e/A), where y £1 = M^x, y ^ in Corollary 3.7. It follows 

from (3.39) in combination with the upper bound in (4.49) that (j)x does 
not change sign in for arbitrary but fixed /9 > 0. Choosing u= \(f)x\ 

restricted to in (2.6) for S = - , it follows A(S) > A^;. On the 

other hand, we obtain from (2.7) in combination with Proposition 4.7 in [4] 
that A(S) < £~^jS-x- Since Ex < £^£x, we thus have 
derived a contradiction to the lower bound in (4.49) for (3 < a. In view of 
(3.39) we now may assume that M<x riB{x, e^/l^+fo) = x. Note that by the 
obvious generalization of (4.41) the various time scales in the error estimates 
appearing in Theorem 4.6 may be replaced without harm by those defined 
with respect to AA<cx instead. In addition, the replacement of M.<x by M<x 
changes a only by an amount of order A^elog(l/e). Therefore, 

In the sequel we identify Ai<x with the set A4<x- 

Let Cx = d\a,g{e^^y1/’^)y(zM^^CM<S^-,(t>x), where Cm<S^^^x) is the ma¬ 
trix defined in (4.1) for I = Ai<x- Note that by Green’s second formula and 
M< = 1 it follows that the latter matrix is symmetric. Hence 

f ICx{X) -gx{\) 

'v-(diag(e(^(")-^(^))/^),<,5x(A))* JA,,/.,) 

^CxiX) 

(z))/s ^x Q 

(F-F(y))/e ^x 
4>xiy) 

During the rest of the section we write shorthand = hy Let us fur¬ 
thermore define 



(4.50) ^-(F- 

V JdB^ 




(4.51) 


Afx^Bx- ICx, 


where 


Bx — 


(4.52) 


^diagfe/ e ^(y))/£ da 

\ JdBy (px{y) ^ 


-A 


^-{F-F{y))/e_ 


' By 


"(y) 


du 


y<x 


Equipped with the ultrametric structure in the form written in Lemma 4.8 
and the control of Laplace transforms and of eigenfunctions obtained in 
the previous section, one simply can write a Neumann series [see (4.58); 
recall that a matrix A is invertible if the series X)fc>ol|ll- converges 

in one multiplicative norm || • || in which case A~^ = ~ fo'^ 

1 —'Da;(A)“^A4(A) for A near \m<x proving invertibility of JCx{X)- We then 
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compute 

/ 0 \ 

(4.53) detCa; = det ^ Q^J=GxdetICx 

where 

(4.54) Gx = Cx{-)xcc - (diag(e(^(")-^(^))/^)^<,fe)* • /C" V.- 
This follows by simply adding the column vector 

(-(diag(e(-^("')"-^(^))/=)y<^5a;)*) 

(which clearly is a linear combination of the first columns of Cx) to the last 
column in Cx- From this representation we obtain that A^; is very close to 
■\m<x- We begin with: 


Lemma 4.9. There is N = N{d) such that for all a > 0 and some C = 
C{d,F,a) dominating the supremum norms of the Landau symbols appearing 
below and all 

(4.55) e“/7T, < A < , 

the inverse of ICx{X) exists. More precisely, uniformly in A 

(4.56) (/C^(A)~Vx(A))^ = 0(l) jy , y<x. 

Moreover, we obtain 

(4.57) Aea(7) ^ G7A) = 0, 
where Gx{X) is defined in (4.54). 


Proof. 
that is, 


(4.58) 


Formally the inverse JCx{X) ^ is given by the Neumann series, 


ICx{\)-^ 


{i-Vx{x)-^Mxix)y^Vx{xr^ 

oc 

Y,{Vxix)-^Mxix)yvxix)-\ 

s=0 


In order to make sense out of this calculation and to extract the exponential 
decay estimate written in (4.56) out of the sum, a straightforward compu¬ 
tation for s G N\0 gives the random walk representation 

{Vx{x)-Wxix)yvx{x)-^ 

TT Cx{X)u)t_iu}t 1 

^^JyCxixu_,^,_,Cxixu 

\uj\=s 




(4.59) 


yz,y,z<x 
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where for J <Z write shorthand w : y —> J for a sequence uj = (wq, ■ ■ ■ i^t) 

such that (jjQ = y, lot G J, LOt G Ai<x\J and oot-i / oot for all t = 1 ,..., T. 

1^1 denotes the length T of the sequence. By means of (4.46) we may ap¬ 
ply (4.25) for a; = y < x —in slight abuse of notation—and I = M.<x\y and 
conclude using (4.5) in combination with Proposition 4.7 in [4] that for some 
C = C{d,F) and N = N{d) and all A satisfying (4.55) 


C'x(A)yj, > (l/C) / e 


-{F-Fiy))/6 


(4.60) 




= (l/C)Ae^. 


dy 


X (A - A_A 4 <^\y)(l -I- (A - 


In addition, (3.26) for I = M.<:x in combination with the upper bound in 
(4.55) proves for some C = C{d, F) and all y,z G A4<x, U z, 


(4.61) 


dnh^, >Cdnh^, > Cdnhly = -C Onhl^ 


on dBy. Harnack’s inequality applied to (l)x\B{y,e) and Corollary 4.8 in [4] 
show for some N = N{d) 


(4.62) 


-Cx{X)yz = -£: f e 

JdBy My) 

<Ce [ d(T 

JdBy 


< Ce-^IF 




Now fix y G M<x, z G J^<x\y and a sequence to = (wQ) • • • j ^t) ■ z ^ y 
such that LOt+i i^oot for t = 0,..., T — 1, a;* G A4<a; for f = 1,..., T — 1. We 
observe that there is 1 <t() <T such that 


(4.63) 


F{(jJto-i,u}to) > F{z,y). 


For, if we assume that the contrary is true for all to = 1; • ■ •; ~ 1; it fol' 

lows from ultrametricity of AI<a; x Ai<cx 3 {Viz) e-> F{y,z) that F{L 0 i,y) = 
F{z,y). By the same argument this implies F{L 02 ,y) = F{z,y) and so forth. 
We conclude F{lot-i,lot) = F{L0T-i,y) = F{z,y) so that to = T does the 
job. Choose to satisfying (4.63). Combining this with the triviality Ty^z > £x 
for y, z G A 4 < 2 ;, y ^ z, y <x, where Sx is defined in (4.42), we obtain 

|a;| to-1 . k| 

n 'T _ TT 7^ F{uJtQ-i,uJto)-F{z)/e TT 

t=l t=l t=to + l 

> T 

— -‘^z,yC-x 


(4.64) 
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Combination of (4.64), (4.62) and (4.60) tells us that the computations in 
(4.58) are justihed and that for y <x 


1^1 


(K«(A)-v.(A)),= n 


C.(A) 




uj-.y^x t=l 

1 


(4.65) 


= E 0(1); 


(jj: y^x 


e^AT, 




0 ( 1 ) 


1 \kl-i 


e^\£. 


= 0 ( 1 ) 
= 0 ( 1 )- 


1 


e^AT, 
1 




— 1 V-lp-^(*-l)p-p(t-l)/£ 


t=i 


e^AT, 




We thus obtain (4.56). 

Equation (4.57) then is a direct consequence of (4.53) and Lemma 4.1 for 
I = M<,. □ 


We are searching for solutions A near Xm<:^ of the equation appearing 
in (4.57). We want to apply Lagrange’s theorem to this equation (see [42]) 
which tells us the following: Fix a point a G C and an analytic function aL 
defined on a domain containing the point a. Assume that there is a contour 
in the domain surrounding a such that on this contour the estimate |'I'(C)| < 
1C — o| holds. Then the equation 

(4.66) C = « + ^(C) 

has a unique solution in the interior of the contour. Furthermore, the solution 
can be expanded in the form 

OO 

(4.67) C = 

n=l 

We are in a position to prove Theorem 4.6. 

Proof of Theorem 4.6. Equation (4.57) can be written as 

(4.68) — ^^(A)^;^ +‘hj(C) = 0, 

where we have set C = A J./3 duj cap*^(x, A4<3;) and 

(4.69) $,(C) = E Cx{X)xy{ICxiX)-^m))y 

y<x 

Fix constant arbitrary a > 0 and let us denote by Ux the interval of all C 
such that 


(4.70) 
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Defining Ca4<x = cap‘’(x, Af<a;)//^/3 e du, /3 > 0 small, it fol- 

lows Cm<x — from Theorem 4.2 and we may apply (4.25) for all ^ €Ux 
to obtain for some N = N{d) 


J ^0 e du 

(4 71) , 

capO(x, A4<a;) 

X e^We-^(C - Cm<. + (C - CM<.f-fiAC)), 


where 


(4.72) Rx(C) = 0(l)e^/^TM,^ 


cap°(x,M<x) 
f .0 e~^l^ du 


0 ( 1)8 




by Proposition 4.7 in [4]. In view of (4.71) it follows that (4.68) is equivalent 
to 


(4.73) C = Ca^<. + 4'x(C) 

for some function 4fx satisfying 


(4.74) T,(C) 


cap°(x,A4<3;) . 

/./3 e~^/^ du 


^e^W$,(C) + (C-CAl<j'^x(C). 


Furthermore, (4.62) shows for all C S ^4 and all y < x 
(4.75) _CxiX)a:y = 0{l)^. 

J^x,y 

Thus for all |C — Cm<x\ = 1 we deduce from (4.5) and (4.56) that for all 

C&Ux 


(A^r\ CapO(x,M<a;) ^-7V|^ /AM ^ V- ^ / e 

Ts --<- 

J^/3 e ' au J^x,y-Ly,x 

By means of (4.72) and (4.76) it follows for |(C — J = ^ 

(4.77) 


-N plerp -Np/ej^ 

|4^.(C)I< 1 


Tx 


^eP/^Tx 

~X 


Since 7^ > £xi in view of (4.44) we may apply Lagrange’s theorem to (4.73) 
giving the existence of a unique solution Qx = Xx L/s e~^/^ du/ cap°(x, A4cx) 

of (4.68) satisfying \(/j — Cm<x \ < I- We rewrite (4.73) in the form 
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Since from invertibility of ICx{Xx) it follows that the kernel of Cx{Xx) is 
at most one-dimensional, Lemma 4.1 implies that is simple. Using (4.5) 
for I = M.^x from (4.78) we derive that (4.35) holds. Moreover, using A^; < 
A_a 4 <^, which follows from (4.5) and (2.5) in combination with (2.33) from 
Lemma 4.1 we conclude that 

(4.79) i4>xiy))y<^x = 4>x{x)JCxiXx)~^gxiXx)- 

Hence from (4.56) and Xx = Xj\4<x obtain from (3.38) and (3.39) 
that (4.36) is satisfied. Now it is very easy to finish the theorem. In view 
of Lemma 4.8 and Assumption 4.5 choosing a < liminf^joP the union of 
the intervals described in (4.55) contains an interval of the form [0,e'^), 
N = N{d). Noting that [39] after possibly increasing N gives the existence 
of |A4| eigenvalues in this interval, we obtain (4.34). Actually, similarly to 
(2.7) one can also use the variational formula. Theorems 4.5.1 and 4.5.2 in 
[12], by (4.36) obvious choice 6x , x G Ad, for some small d > 0 

as a trial function for (px to obtain the existence of these eigenvalues—and 
already rather precise upper bounds. □ 

5. Distribution of metastable transition times. In the sequel we show 
how the structure of the low-lying part of the spectrum developed in the 
previous section determines in a precise way the asymptotic behavior of the 
distribution of metastable transition times r(x) defined in (1.16). 

We first would like to point out that Theorem 4.6 holds in more generality 
with only obvious changes in the notation. Namely, if we define instead 

of H, for some nonempty, properly contained subset IcAd, then Theorem 

4.6 still holds for the Dirichlet realization L^. = in e~^l^ dx) 

when Ai{x) is replaced by Ai{x) U I for all x G M.\I. Moreover, we could 
have looked only for the principal eigenvalue and its eigenfunctions of L^. 
and the same procedure then leads to: 

Theorem 5.1. Fix a nonempty, properly eontained subset I cM. Then 
Theorem 4.6 still holds for the operator with the modification that Ai has 
to he replaced by M.\I, Aiiy), y G M.\I, by its union with I, Ai^y, Ai<y 
are defined with respect to the time scales Ty^Tyj^^^'^jj and XA^y, XA<y 
are chosen depending on the exchange of Ai<^y, XA<x- 

Let x G Ai\I be the unique solution to the equation Txj = Tj, where the 
latter was defined in (2.31). In addition to the equivalent of (4.36) in this 
situation we have on {F <Ci} 

(5.1) (l)x={l + 0{l)e-^'^^'^<t)x{x)hlj 

with the usual dependence of the constant N and the constant dominating 
the Landau symbol and where we use the convention Tj^ = 1. 
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For I = M.{x) / 0 modulo factors of order 1 + 0{l)e ^{TM<y/TM<x)i 
respectively, the small eigenvalues of equal Xy, y £ where 

are given by (4.34) for 1=0. 

As we shall see, it is not difficult to obtain the leading part in the following 
result from Theorem 5.1. But for reasonable control of the remainder term 
we have to prove additional a priori large deviation type estimates to which 
most of this section is devoted. Recall the definition (1.2) of the diffusion 
generated by starting in x and that of the hitting time in (1.14) and 
set Tjuqc = TBjun^^ slight abuse of notation. 

Theorem 5.2. Suppose the assumptions of Theorem 4.6 are met and 
assume that either ft is bounded or dy < oo for 

some 7 > 0. Assume, moreover, that ye defined in Assumption 1.2 satisfies 
he > for some constant 5 > 0 independent in e > 0. Let x £ M.\I he the 
unique local minimum such that Txj = T/. Let X^ be the principal eigenvalue 
of L^. Then for all t>0 

(5.2) P[r,W >t] = (l + 0(l)e-^^), 

where the modulus of each Landau symbol is bounded by a constant C = 
C{d,F) and N = N{d)>0. 

For I = AA{x), x £ M, we obtain Theorem 1.4 from (4.20), the general¬ 
ization of (4.35) and (4.41). 

Remark. We note that the a priori bound on ye is the natural choice. 
More precisely, for F of sufficient regularity this is the case as can be proven 
by a semiclassical approximation similarly to Theorem 11.1 in [ 8 ]. Moreover, 
this property is trivially fulfilled if liminf| 3 ,|^oo |AF(a:)|/|VF(x)p < oo. 

Remark. As the reader might observe while reading the proof of (5.2), 
the methods are fully sufficient to obtain the following result from the gen¬ 
eralization of Theorem 4.6 described in the first part of Theorem 5.1. In the 
situation of the previous theorem let o'(Lg) = {Xy\y £ Al\/} be the low-lying 
spectrum of L^. Then for some k = K{d,F) >0 and all t > 0 

mua- > *1 = e-"'‘(l + ©(Ije-^h^) 

y&M\I\x ^ 

+ e-""‘0(l)e-^ 


(5.3) 
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with the usual dependence of the errors. Since the computations [starting 
with (5.4)] necessary for this result are a bit tedious, to keep this work at a 
reasonable length we omit its proof. Instead we refer the interested reader 
to [3] for a proof in discrete space, which unfortunately does not generalize 
directly to the continuous state space setting. The full strength of this expan¬ 
sion would be achieved if one proves lower bounds on eigenfunctions, that is, 
in view of (3.38) on transition probabilities in regions where they 

are small by, for example, applying large deviation principles. This would 
lead to a replacement of 0(1) in the sum above by exp(—(rate -|- o(l))/e), 
where the rate depends on the properties of the flow of VT. 


Proof of Theorem 5.2. Assumption 4.5 assures that x is unique. Let 
(px be a corresponding eigenfunction to the principal eigenvalue A^; of L^. 
normalized such that 4>x(x) = 1. Fix y G Bx and write 


(5-4) P[r/Ljn->^] = e ^^H'^n\B,)(y)- 

Using the spectral decomposition corresponding to the principal eigenvalue 
of Lg, we compute 


^{F{y)-F{x))/e-tLi 


(5.5) 


= e 


Xxt 


(4>x, '^n\Bj)F-F{x) 


4’x{y) & ^nx(lQ\5^)(y)5 


^^x\\f-F{x) 


where || • \\f denotes the norm induced by the inner product (■,-)f on 
dz) and where n^; is the orthogonal projection onto (</>x)"*'- 
To estimate the second term on the right-hand side of (5.5) we introduce 
rii = {F < Cl} and T^ = {—e < F — Ci — ke < 0} for /c G N and write 

= E[na;(lfi'y;g^)(A'f), > t] 

(5 g) =E[Uxil^\-S^)(X!),xy G Ax, 

+ E[Ux(i^^-^^)(xy),xy G nMxAP)xln^ > t] 

+ 'Y2 '^'A-^Aa\Bj){Xt)^xy G TfcjTj^Qc > t], 
fceN 


where we recall definition (3.37) of A^ j. To estimate the right-hand side we 
start with the claim that 


Combination of (5.1) with Corollary 4.7 in [3] gives on A^ j, (5 > Celog(l/e) 

-N I (Tlyjx , -(F(x-T'\-F')Ip 


(5.8) 


y&I 
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where A^j ^ = [jy^j A^^^ and thus 


(5.9) 


^x\\F-F{x) 

= (\ -\- 0(1)6 


-N 


+ ^-2(F{x,I)-F{x)-0)/e^ ^ j g 


-(F-F{x))/e 


whereas 


(5.10) 


(</>x,1q\;b7)f-f(x) - (^1 + C’(l)e + 


-Nf'^IUx , ^-(F{x,I)-F{x)-(3)/e 


xf e 

Ja^ 


-{F-F{x))/e 


Equations (5.9) and (5.10) give the claim and thus the first term on the 
right-hand side of (5.6) is of order e~^{T hjx/Ti)¥[tj^j^c > t] for some N = 
N(d,F). In addition, together with (5.8) they imply that the first term on 
the right-hand side of (5.5) equals the leading part in (5.2). 

The remaining part of the proof is devoted to the estimate of the second 
and the third terms on the right-hand side of (5.6). Next, we generalize 
Proposition 5.9 in [2] to our setting. This generalization is—besides technical 
details—straightforward. We have: 

Lemma 5.3. For some N = N(d,F) uniformly in e > 0 and t > 0, 

(5.11) F[Tf>t]>e-^~''^/^^6^. 


For the proof of this lemma it will be useful to introduce the following 
renewal structure. Let W, A: G N U 0, be a sequence of independent 

Brownian motions on starting in zero defined on a common probability 
space; denote by X^, the strong solution to (1.2) defined with respect 

to W, W = respectively, starting in x = z. Fix two regular domains 

AcTiC and define the stopping times 

af = inf{t > 0| ^ G Gl}, 

Moreover, for y G A set Sq = 0, zq = y, Si = 5;_i -|- zi = for 

t^Si. 


Proof of Lemma 5.3. Now choose B = Bj \J A = Bx and S = 
Bx(6l‘2). We may write, using the strong Markov property and indepen¬ 
dence, for every A: G N 

P[rf >t\> P[5fc > t, Vi<i<fc(Tf < pf-^] 

= P[ Vi<z<fcuf-^ < pt‘-^]F[Sk > t\ Vi<z<fc < pf-i] 

> { inf PK < Pi]) F[Sk > t\ Vi<i<fe<Tf < pf "^1 

\zedBx J 
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where the last inequality follows by the strong Markov property and Corol¬ 
lary 4.8 in [4] yielding 

( 5 . 14 ) P[<Tf<pt]> mf P|t» < > 1 - Ce-V(* 4 )-F(.))/»/j, 

y£dB{x,e/2) 


The claim is proven once we show that for some N and all t > 0 and k = e~^t 
the second term in the product of (5.13) is bounded below. For, we recall an 
inequality going back to Paley and Zygmund—also referred to as the second 
moment inequality—saying that 

(5.15) P[X>{l-d)E[X]]>6^E[Xf/E[X% 5g(0,1), 


for any random variable X with finite expectation. We want to apply this in¬ 
equality to the variable X = Sk/k, where we choose 6 = l — lj{Rkj inf^gg^^ < 

pf]), where R is specified later on, and the probability measure P = P[-| < 

Therefore, we notice that by independence 

E[Sk\yi<i<kCTi^-^ <Pi‘-^] 

(5 ig) ^ E < P?-^] 

inf^oSaSx P[Vl</<A:-n<7f < pf~^] 

"" P[Vi<KfcCTf-l<pf-^] 

>{k/C) inf E[af|cTf <pf]. 

ZGoBx 


In the last inequality we have used independence once more in combination 
with the Harnack inequality for harmonic measures (see, e.g., Theorem 4.3 in 
[36] which is applicable after a scaling argument to get rid of the dependence 
on e) saying that for at t = (e/ 2 )^ ^ ^ 

again by independence for some C = C{d,F) and all y,y G dB^, 


F[al < p\, y2<i<n<yf ^ < pf "] 

= / P[Z2^’(i) e dz]F[T^ < e dz] 

JdB^ie/2) 

xP[Vi<z<„af-^<pf-^] 

= < p\, V2<«<nO-f < pf“^]. 


(5.17) 
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Similarly, one proves 

niSkf\yi<i<kCTt'< p?-'] 


n<k 


(5.18) 


+ ^ E[crr‘“-‘cr; 

n^m<k 
m^n 


1 ^^m—l 




= 0{l)k sup E[{afy\af<pl] 
z^dBx 

+ 0{l)k{k — l) sup E[cr^|cj^ < pf]^. 
zGdBx 


We thus obtain for all E dB^ 


< CT; 


(5.19) 


P[S'fc > t\^i<i<kPi 

> (1/C) (^1 -t/{Rk Jnf ^ E[uf luf < pl] 


xk inf E[(j^|cj^ <pf] 

Z£dB: 


x(k{k — l) sup ¥.[al\al < p\y + k sup E[((Ji)^|(Ti < 

V z&dBx zGdBx / 


-1 


z&dBx zgOBx 

It remains to estimate the right-hand side of the previous inequality from 
below. By the strong Markov property we compute 

E[(uf)2,af < pl]=n{rLie/2Yfnry < 

(5.20) 


+ mM?,ry<rln4L=x^,=, 

^ t ' 




Bx{el^Y 


By the Cauchy inequality in combination with (2.21) and (2.18) for h = 


w 


Bx(el2Y^ 


A' = S = r = Bx{£l‘2) and for h = 


e/2y 


the first term on the 


right-hand side is bounded by CE[r^^^^y2)=]/"^(-^a:(^/2)) < C. For the second 
term we compute by the strong Markov property and Assumption 4.5 for 
some N and all y E dBx{ej2) and z E M.\I\x satisfying T^jux = F/ux 


(5.21) 


+ H^H^z = ^liun-M'^z = -rliun-] sup F[t^ < rfu^c] 

uGdBz 

+ Pi-^l = ^Mun-] sup P[r^ < Tf^j^c]E[T^\T^ < rfun-] 


-i&dB^ 


<S 


-N 




< £-^(1 + 


where we have used (2.33) in the second inequality. For the third term on the 
right-hand side of (5.20) we obtain similarly to (5.21) by the strong Markov 
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property 


q-y <; q-y 


(5.22) 


<E[(r, 

+ 


/UUG 

ry = ry 




kl = r_^un=] sup P[T“<rl{jnc] 


&dB^ 
.u\2\ 


+ ^[Tz=rMun-] sup P[t“ < r|tjnc]E[(r“) |r“ < 


Lteas, 


+ 2P[r| = rX^uu-]JE[T-i'|'r| = r_^uu-] 

X sup P[r“<rfun-]E[r“|r“<r][jf 2 c], 
uddBz 


SO that in combination with the Cauchy inequality for A < /Tqyjx A {X{Q\Biijx) / C) 

and some fj, < A {X{Q,\Bj\ 4 )/C), Proposition 3.4 and (2.33) 

E[(r,^)^r|<rJuuc] 

(5.23) < e-^/fx + 

< + ^-N^-{F{x,z)-F{x))/e ^ ^-N^-pje^ 


In case that Af = / U x the bounds in (5.21) and (5.23) remain valid if 
the terms involving exponentials are replaced by zero by an even simpler 
argumentation and an obvious generalization of (2.33) to the case lU J = Al. 
Furthermore, for some C = C{d) and e > 0 small enough, using (2.21) again. 


E[f7f,(jf <pf]>E[cT|j(^^^/2P 


(5.24) 


inf ] 

y&dB{x,£l2) 


Tif < r: 


/uo= 


+ „inf E[r|,r|<r; 

y&dB{x,£l2) 

— '^{^B{x,e/2Y]/‘^ — 




since the latter probability converges exponentially fast in 1/e to 1. On the 
other hand, combination of (2.21) and (5.21) gives 


E[c7f , al < pI] < E[c 7|(^^^/2)-] + sup E[t|, r| < 

(5.25) y&dB(x,£l2) 

<Ce + e-^(l + 


Combination of (5.20) with the remark following, (5.21) and (5.23) and the 
resulting bound with (5.24), (5.25) and (5.14) shows that the right-hand side 
of (5.19) is bounded below by e~^ for some N = N(d,F) and all k > e~^t. 

□ 


With the uniform a priori estimate (5.11) we can proceed with the gen¬ 
eralization of Proposition 6.1 in [2] to our setting. For f3 G (F(x),oo) we 
denote by Cx{(3) the connected component of x in {F < (]}. 

Lemma 5.4. There is C = C{d, F) > 0 such that for some N = N{d,F), 
all (5 > F{x) + C'elog(l/e), all t > 0 and all y G Bx, 

(5.26) P[Af i C,(/3)|r/un= > 
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Proof. Let T = < Pi]/2; where we have chosen 

A = Bx{e/2Y, Tj = Bx and B = BiA in the definition (5.12). Decom¬ 
posing the event {X^ ^ Cx{P),Tj > t} according to the number of returns to 
Bx from Bx{el2Y before time t, we have for K = minjfc E Nj/cT > t} 


y 


( 5 . 27 ) E nxf<fCJP),T><t<T«^^A DuO':! 

n>01<A:<R' 

r?)(EP-l)r,/crAt)], 

where denotes the first instant of reaching Bx{el2Y after the moment 
of the nth return to Bx from Bx{£l2Y before time t when starting in 
y. For the feth term in the nth inner sum on the right-hand side of the last 
equation we may write using the strong Markov property 

¥[xy i Cx{(5),Ty < t < Ae [{k - i)r, kr a t)] 

(5.28) = HP[Xf_x i Cx{(3),Tfyjxvjn^ > t - 

e [(fc - l)r, feT A t A 

where for some C = C{d, F), some N = N{d), all A < £^/Tjijx, all r E [(A: — 
l)T,kT) and all z E dBx{ej2) by the exponential Chebyshev inequality, the 
strong Markov property, (3.26) and Corollary 4.8 in [4], 

nt-r<r!^xun<^,Xf_x^Cxm 

< < rf^xun^] 

(5 29) sup E[e^D"uxunc] 

^ ’ y&dCAd) 

<e-"(‘-'=^)CP[r|<r|u,un.l 

where we have introduced = inf{t > 0|F"(xf) > /?}. Combination of this 
estimate with (5.28) and (5.27) leads to 


(5.30) 


p[xy^Cxm,Ti^.>t] 

< ^Q-{d-F{x))/e 
£ 


^ ^ e-"(‘-^^)^P[77)(EP-l)r,ferAtAr,V)]. 


1<A;<R: 


n>0 


From the definition of T in the beginning of the proof and the second moment 
inequality (5.15) it follows for some N = N{d,F) and all z E dBx{£/2) and 
all r E [(A: — l)r, kT At A Tjijqc) 


F[kT At - r < af < pI]>P[T < af < pf] 


'4E[(uf)2|af <pf] 


>e 


N 


(5.31) 
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where the last line involves a computation almost the same as in (5.14) and 
in (5.20) to (5.23) which we leave to the reader. Moreover, similarly to (5.24) 
the reader may convince himself that 

(5.32) n<yl\al<pl]>e^ {zedB^{e/2)) 


after possibly increasing N. Using (5.31), we compute by the strong Markov 
property 

F[(A; -l)T <ril<kT M< < r^nc] 

.. oo^ = At-r<at< 

^ ^ ^ V^n^iik-mkTAtArl^.)] 

>e^F[pyG[ik-l)T,kTAtArl^.)]. 

Let r]y be the first time s after (k — 1)T such that Al| reaches Bx{ej2). 
Combination of (5.32) and (5.33) with (5.30) shows for some N 

nx! 

< ^-N^-{0-F{x))/e 

X ^ e-"(‘-^^)pp-l)r<r7^<A:rAtArfuuc]- 

l<fc<A 


On the other hand, we have by the strong Markov property again in combi¬ 
nation with the a priori lower bound (5.11) 


(5.35) 


^ ^[(k -1)T <r]y<kT At <t< 

= E[P[r|(jn- > t - 

{k - l)T <if^<kT At A r'fyjQa] 

> - 1)T < < IfeT A t A 


The last two estimates, the choice of A and T in combination with (5.32) 
prove (5.26). □ 


Now we are in a position to estimate the second and third terms on the 
right-hand side of (5.6). For y £ Bx combination of (5.26) and (3.20) leads 
to 

lE[na;(lQ'^-g^)(X]^), G Ql\Axj{P),TjijQc > t] 

+ ''^^[^x{'^Q\^'^j){Xf),Xf ^Fk,Tjfj^c > t] 
fceN 

= C’(l)e“^P['^/uu= > ^] 

(5.36) ^ + 

X f sup 

J{F>Ci} B{y,e5{y)) ) 
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for sufficiently large C and (5 > Celog(l/e). Here we also have used the 
trivial bound (l{ 03 ,>i}, < 1. It is not difficult to see that by the 

integrability condition on F the latter integral on the right-hand side of the 
last display is bounded uniformly in e > 0 small enough. The theorem is 
proven since in the bounded case we do not need (3.20). □ 
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